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Abstract: A set D € V is a dominating set of G if every vertex in V - D is adjacent to one or
more vertices in D. The minimum cardinality of a dominating set of a graph G is called the
domination number of G and is denoted by y(G). The eccentric connectivity index is the sum of
the product of eccentricity and degree of every vertex in G. In this paper, we present upper
bounds for the total transformation graphs in terms of domination number and eccentric

connectivity index of a graph G.
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1 Introduction

Let G=(V, E) be a graph with |V | =nand |E| = m. The degree of a vertex
v € G is denoted by degs(v) and defined as degas(v) = |{u \ uv € E(G)}|.
The eccentricity of a vertex v € G is the largest distance between v and u
forsomeu € V(G). Aset D € V is a dominating set of G if every vertex in
V — D is adjacent to one or more vertices in D. The minimum cardinality
of a dominating set of a graph G is called the domination number of G and
is denoted by y(G). A dominating set D with minimum cardinality is called
V(G)-set of G. Further, a minimal dominating set is a dominating set in a
graph that is not a proper subset of any other dominating set. We follow
[5] for unexplained terminology and notation. Sharma et.al., [13] have put

forward a novel topological index namely, the eccentric-connectivity index
ECI(G) of a molecular graph G. Which is defined as follows:

n

ECIG) = 3 (e(v))deg(v). (1)

i=1

For more details on topological indices refer [3, 8, 9, 14, 15]. Wu and Meng

[16] have generalized the total graph by defining the following transformation
graphs:
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Figure 1. A graph G and its transformation graphs.
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2 Results

In this section we obtain upper bounds for domination number together with
eccentric-connectivity index of total transformation graphs in terms of order,
size and the first Zagreb index.

Theorem 2.1. Let G = (n, m) be any connected graph. Then

V(G + ECI(GTTT) < 2ECI(G) + Mi(G) + 9 +n

+£(G) (2)

where £(G) = >° e, (u;)(deg,(u;) + deg, (ug)).

ujup E(G)

Proof. Let G = (V, E) be a graph with V(G) = {vi,va,vs, - - -, vp} and

E(G) ={ei,eye3 - -+ ,em}. Then V(G***) ={vi, va,v3, - - - ,vn e, €363+ - -, em}.
Clearly |V (G***)| = m + n. Since for any connected graph G, y(G) <
Therefore,

WG < TR 3)
Further,
ECI((;+++) = Z €ttt (ui} ) deg(;+++ (?-"-'i) +

weV(GTH )NV (G)

Z €otr+ (ﬂ'_?') ) dﬁg(_:+++ (u‘i)

u €V (GHHH)NE(G)

< Z [(GG (u;) +1)- Qdeg(;('ul)] -+
u €V (G)
> [(ea(uy) +1) - (degg (u;) + deg,, (ux))]
wjup € E(G)
= 2 Z (u;)deg,, (u;) + 2 Z deg, (u;)
u; V(@) u; EV(G)
+ > eguy)(degg(uy) +deg,(we) + D (degg(uy) + deg,, (ux))
ujup € E(G) uju € E(G)
< 2ECI(G) + M,(G) + 4m + £(G), (4)
Hence by (3) and (4) the result follows. [l
Theorem 2.2. Let G = (n, m) graph. Then
(m + n)
VG )+ECI(G—) < 3m+n)(m+n—1)+ —12m — 3M (G).
2 1
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Proof. Let G = (V, E) be a graph with V(G) = {vi, vz, vs, - - -, vp} and

E(G) = {6’1, ey es -, em}. Then V(G___) = {V1, Vo,V3, -+ ,Vp €1,€62,€3 """, em}.
Clearly |V(G———)| = m+ n. Since for any connected graph G, y(G) <~
Therefore,
S m+n -
e < B (5)
Further,
ECIG ) = Z e __(wi)-deg, __(u;)+

wEV (G )NV(G)

Z e.  (u;)-deg. _ (uj)

wEV(G——")NE(G)

Y. [Br(m+n—1-2degy ()]

wEV(G)

+ Z [3-(m tno 1- {deg%(?..tj) + deg (ur)))]

uj,upEE(G)

= 3m+n—-1)n—-=6 z (deg,,(u;))

u; €V (G)

+ Emt+n—1)m-3 Z (deg,, (u;) + deg,, (ux))

wjup €E(G)

IA

< 3(m+n)(m+n—1)—12m — 3M(G). (6)

Hence by (5) and (6) the result follows. [l

Theorem 2.3. Let G = (n, m) graph. Then

+(m+n)

V(G )+ ECI(G™™) =< 4mn+4m(n — 4) +aM (G).
1

2

Proof. Let G = (V, E) be a graph with V(G) = {vi, v, v3, - - -, vn} and
E(G)={ei ezes -+ ,emt. ThenV(G* ) ={vi,va, V3, +* ,vne€1,€2€3 * " ,Em}
Clearly |V (G**~)| = m + n. Since for any connected graph G, y(G) < 2,
Therefore,

we) <= M0 (7)
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Further,
ECIGT) = Z €. (u)-deg_,, (u;)+
w; €V (G++-)NV(G)
Yoo e (w)-degy, . (uy)
w; €V (GH+-)NE(G)
< Z [4-m] + Z [4 - (n — 4+ (deg, (u;) + deg,, (uL)))}
u; €V(G) ujup€E(G)
< 4dmn+4m(n —4) + 4M,(G). (8)
Hence by (7) and (8) the result follows. O
Theorem 2.4. Let G = (n, m) graph. Then
m+n
VG- +ECHG-—) < 3n(n+1)— 6m+3m(m+3)+ " ) — 3M (G).
2 1
Proof. Let G = (V, E) be a graph with V(G) = {vi,va,vs, - - -, vp} and
E(G)={evezes - - -, em} Then V(G——*)={vy, vo,v3 - - - ,vp e, eze3 -+ -, emk.
Clearly |V(G——*)| = m+ n. Since for any connected graph G, y(G) <.
Therefore,
m+n
v = . (9)
2
n
Further,

n

ECI(G™Y) = Z(?.G___‘_ (’zvt)-degc____*(u.)

i=1
= Z €,y (ts) ~deg,__ . () +

u; €V(G——H)NV(G)

Z e(;* — e (u}) : (leg(;**iv (ul)

u; €V(G——1)NE(G)
> [B-(n+1- (degy(u;)))]
u; €V(G)

+ Z [3- (m + 3 — (deg,, (u;) + deg,,(ux)))]

ujur€E(G)

IA

< 3n(n+1) — 6m+ 3m(m + 3) — 3M1(G). (10)

Hence by (9) and (10) the result follows. O
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Theorem 2.5. Let G = (n, m) graph. Then

(m+n)
V(G*—*)+ ECI(G*—*) < 12m+3m(m+3)+ — 3M (G).
5 1
Proof. Let G = (V, E) be a graph with V(G) = {vi, vz, vs, - - -, vp} and
E(G)={ei ezes -+ ,emt. ThenV(G*—*)={vi,va,v3, + - ,Vh€1,€2€3 * * *,Em}
Clearly |V (G*=*)| = m + n. Since for any connected graph G, y(G) < m
Therefore,
m+n
vict—") = . (11)
2
Further,
ECI(G*™) = ) e, ,(u)-deg,, ,(u)
i=1
- Z G(;+f+ ("I[,-) 2 (le‘q("'**'r (‘“i) o
w€V(GH=H)NV(G)
Z €. (ug) ~deg, . (uj)
u;€V(G+=+)NE(G)
< S 3 (2degs ()]
u, €V(G)
+ Z [3 - (m+ 3 — (deg,, (u;) + deg,, (uy)))]
uj,ur€E(G)
< 12m+ 3m(m + 3) — 3M;(G). (12)
Hence by (11) and (12) the result follows. O
Theorem 2.6. Let G = (n, m) graph. Then
(m+n)
V(G )+ ECI(G—™"") < 3n(im+n—1)+3m(n—4)— 12m+ +3M (G).
- 5 1

2
Proof. Let G = (V, E) be a graph with V(G) = {vi, v, v3, - -+ -, vs} and

E(G)={ei, ez es - ,emt ThenV (G )={vi, v, v3, - -+ ,vp, e, €2€3 " ,em}
Clearly |V(G—*")| = m+ n. Since for any connected graph G, y(G) <.
Therefore,
m+n
ViG—*"") < . (13)
2
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Further,

ECI(G™)

IA
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€y (u) - degs..... (u)

2

1=1

B (u;) - L . (u;) +

we€V(G—+-)NV(G)

Z CG‘JV"

(uj) - deg ., (u;)

u;€V(G-+-)NE(G)

Z [3-(m+n—1—2(deg,(u;)))]

uiE\"(G)

>

[3 - (n — 4+ (deg,(u;) + d(zg(.,.(‘u;‘.)))}

ujur€E(G)

< 3n(m+n—1)+3m(n—4) — 12m + 3Mi(G). (14)
Hence by (13) and (14) the result follows. O
Theorem 2.7. Let G = (n, m) graph. Then

(m + n)
viG—™")+ECI(G—*) < 3n(n—1)+ +3M (G).
2 1
Proof. Let G = (V, E) be a graph with V(G) = {vi,va,v3, - - -, vp} and
E(G)={ev,eyes - - ,em} ThenV(G=*) ={v, vy v3 - - - ,vp e, e3€3 - -+, em}
Clearly |V (G—**)| = m + n. Since for any connected graph G, y(G) < 2
Therefore,
m+n
viG—) < . (15)
2
Further,
ECI(G™) = Zec_++(?1.) ~deg ., (u)
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=1

2

w €V (G—++H)NV(G)

E : t‘3(,~—++

u; €V(G—+H)NE(G)

> [B-(n-1)]

weV(G)

2

wj upEE(G)

e i (w)-deg, , (u;)+

(uj) - deg,, ., (u;)

[3- (deg, (u;) + deg,, (uy))]
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< 3n(n — 1) + 3M1(G). (16)
Hence by (15) and (16) the result follows. O
Theorem 2.8. Let G = (n, m) graph. Then
(m+n)
V(G"— )+ ECI(G*—) < dmn+4m(m+n—1) — +4M (G).
2 1

Proof. Let G = (V, E) be a graph with V(G) = {vi, v, vs, - - -, vn} and

E(G)={ev ezyes3 -+ ,em} ThenV(G*—")={vy, vy vs -+ - ,vp el e2€3 -+, em}

Clearly |V(G*——)| = m+ n. Since for any connected graph G, y(G) <.

Therefore,

W) < M1 (17)

2

Further,

n

ECI(G*™) = ) e, _(u)-deg,, _(u)

i—1
= Z € i (u;) - (l(zga+ () +

wi€V(G+=—)NV(G)

Z e i (u;) - deg,, __ (uj)

u;EV(G+——)NE(G)

< Z [-1 . (m)]
u; €V (G)
= 2 Z [4 s(m+n—1—(deg,(u;) + (lcg(;(uk)))]
ujup€E(G)
< dmn+4dm(m +n — 1) — 4M,(G). (18)
Hence by (17) and (18) the result follows. O

3 Conclusion

In this paper, we have obtained bounds for all eight transformation graphs
in terms of domination number and eccentric connectivity index of a graph
G.

VOLUME 10 ISSUE 06 2026

PAGE NO: 127


https://doi.org/10.71058/jodac.v10i06008
https://doi.org/10.71058/jodac.v10i06008

JOURNAL OF https://doi.org/10.71058/jodac.v10i06008

DYNAMICS AND CONTROL

References

[1] B. Basavanagoud, P. V. Patil, A criterion for (non-)planarity of the
transformation graph G*? when xyz = — + +, J. Discr. Math. Sci.
Cryptography, 13 (2010) 601-610.

[2] M. Behzad, A criterion for the planarity of a total graph, Proc. Cam-
bridge Phil. Soc. 63 (1967) 679-681.

[3] Basavanagoud, B., Gutman, I., and Gali, C. S., (2015), On second Za-
greb index and coindex of some derived graphs, Kragujevac J. Sci., 37,
pp. 113-121.

[4] I. Gutman, N. Trinajsti¢ (1972), Graph theory and molecular orbitals.
Total m-electron energy of alternant hydrocarbons, Chem. Phys. Lett.,
17, pp. 535-538.

[5] F. Harary (1969), Graph Theory, Addison—Wesely, Reading.

[6] S. M. Hosamani, |I. Gutman (2014), Zagreb indices of transformation
graphs and total transformation graphs, Appl. Math. Comput., 247, pp.
1156-1160.

[7] S. M. Hosamani, B. Basavanagoud (2015), New upper bounds for the
first Zagreb index, MATCH Commun. Math. Comput. Chem., 74(1),
pp. 97-101.

[8] S. M. Hosamani, S. H. Malghan and I. N. Cangul, The first geometric-
arithmetic index of graph operations, Advances and Applications in
Mathematical Sciences, 14(6) (2015) 155-163.

[9] S. M. Hosamani, Computing Sanskruti index of certain nanostructures,
J. Appl. Math. Comput. 1-9 (2016) DOI 10.1007/s12190-016-1016-9.

[10] S. M. Kang, M. A. Zahid, A. R. Virk, W. Nazeer, W. Gao, Calculating
the degree-based topological indices of dendrimers, Open Chem. 16, 681—
688 (2018).

[11] Nadeem, M.F., Zafar, S., Zahid, Z., (2015), Certain topological indicies
of the line graph of subdivsion graphs, Appl. Math. Comput., (271), pp.
790-794.

[12] Ranjini, P.S., Lokesha, V., Cangul, I.N., (2011), On the Zagreb indices
of the line graphs of the subdivision graphs, Appl. Math. Comput., 218,
pp. 699-702.

VOLUME 10 ISSUE 06 2026 PAGE NO: 128


https://doi.org/10.71058/jodac.v10i06008
https://doi.org/10.71058/jodac.v10i06008

JOURNAL OF https://doi.org/10.71058/jodac.v10i06008

DYNAMICS AND CONTROL

[13] V. Sharma, R. Goswami, and A. K. Madan, Eccentric-connectivity in-
dex: A novel highly discriminating topological descriptor for structure-
property and structure-activity studies, J. Chem. Inf. Comput. Sci.,
37(2)(1997)273-282.

[14] Su, G., Xu, L., (2015), Topological indices of the line graph of subdivision
graphs and their Schur-bounds, Appl. Math. Comput., 253, pp. 395-401.

[15] Todeschini, R., Consonni, V., (2000), Handbook of Molecular Descrip-
tors, Wiley-VCH, Weinheim.

[16] B. Wu, J. Meng, Basic properties of total transformation graphs, ).
Math. Study 34 (2001) 109-116.

[17] L. Xu, B. Wu, Transformation graph G—*—, Discrete Math. 308 (2008)
5144-5148.

[18] L. Yi. B. Wu, The transformation graph G**—, Australas. J. Comb. 44
(2009) 37-42.

VOLUME 10 ISSUE 06 2026 PAGE NO: 129


https://doi.org/10.71058/jodac.v10i06008
https://doi.org/10.71058/jodac.v10i06008

