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Abstract: This article introduces a newly developed Orthogonal Bessel Polynomial and employs
the operational matrix of integration approach for solving problems with finite and infinite
boundary conditions. In this method, we utilise the Bessel polynomial operational matrix
collocation technique to convert the differential equations into a system of nonlinear algebraic
equations at various collocating points. These resulting algebraic equations are then solved to
obtain the solution to the differential equations. To validate the method, we tested it on multiple
problems and observed that the results demonstrated excellent convergence and agreement. For
solving differential equations with infinite boundary conditions, we considered the flow of MHD
Casson fluid over a permeable stretching sheet, solved the governing equations, and analysed the
resulting graphs, providing insights into the behaviour of the system. It could be observed from
the calculations below that orthogonal Bessel polynomials provide better results when compared
to the non-orthogonal Bessel polynomials.
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Table 1: Nomenclature

U Dynamic viscosity (kgm™1s™1) Angle of inclination (radians)

Permeability constant (m?)
Density of the fluid (kgm™3)
Casson parameter (—)

Da~! | Inverse darcy number (—)

v Kinematic viscosity (m?s™1)

DT | x|

Electrical conductivity (Sm™1)

1. Introduction
In many diverse domains, polynomials are essential for solving differential equations,
providing both numerical and analytical solutions that explain technical and physical phenomena.
Modelling real-world systems, from biology and finance to engineering and physics, requires the
use of differential equations. These equations may be solved with the use of polynomials,
especially orthogonal polynomials, which provide effective computing, approximation, and
numerical stability.
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Spectral techniques, which use a sequence of polynomials to estimate functions, are one of
the main uses of polynomials in differential equations. Ordinary and partial differential equations
are frequently solved using these techniques, which include the Chebyshev and Legendre spectral
methods. By expressing the answer as a sum of weighted orthogonal polynomials, spectral
techniques provide great precision. Three popular spectrum techniques that make use of
polynomial expansions are the collocation[4] and Galerkin[l] approaches. Chebyshev
polynomials, in particular, are used in quantum physics, electromagnetics, and computational fluid
dynamics because of their capacity to reduce function approximation mistakes.

Polynomials are used in fluid dynamics to solve convection-diffusion equations,
magnetohydrodynamics equations, and boundary layer flow issues. Using Chebyshev [2],
Matching [24] and Legendre [3] polynomials, the stretching sheet problem, which is a basic subject
in boundary layer theory, has been thoroughly investigated. These polynomials are used by
researchers to convert the controlling PDEs into a system of nonlinear ODEs, which are then
resolved by numerical methods. For instance, the Chebyshev collocation approach [11] effectively
manages the flow of both Newtonian and non-Newtonian fluids over sheets that are expanding and
contracting. Similarly, polynomial-based spectrum approaches give precise solutions for velocity,
temperature, and concentration distributions in magnetohydrodynamics, which studies the
interaction of conducting fluids with magnetic fields.

Here we have developed a new orthogonal Bessel polynomials using a weight function.
Srivastava [5] presented an overview of the Bessel polynomials, generalised Bessel polynomials,
and g-Bessel Polynomials. Frazier and Zhang [6], on the other hand, developed an orthonormal
system in which the Bessel wavelet is supported by the Hankel transform, establishing a
connection between wavelet theory and integral transforms. Kumbinarasaiah and Preetham [7]
analysed the boundary layer flow by Bernoulli wavelets. Ramareddy et al. [8] analysed the flow
of Casson fluid over a stretching sheet by Fibonacci wavelets. Ramareddy ef al. [9] analysed the
viscoelastic fluid over a stretching sheet by employing the Legendre wavelet. Ramareddy et al.
[10] examined the unsteady velocity of Williamson fluid flowing over a moving surface using the
Hermite wavelet method. They also analysed the streamlines for both 2-D and axisymmetric flow
patterns. Suresh ef al. [11] used the Chebyshev wavelet approach to study the motion of
Williamson fluid across a permeable stretched sheet. They discovered that the skin friction
coefficient increased as the degree of inclination of the magnetic field increased. In a separate
study, Ramareddy et al. [12] explored Casson fluid flow over a wedge by applying the Bernoulli
wavelet method. They discovered that the fluid velocity increased as the magnetic parameter,
Casson parameter, and wedge parameter were raised.

Shiralashetti ef al. [13] investigated stagnation point flow of Casson fluid across an inclined
stretching sheet using the Bernoulli wavelet method. They found that an increase in the Brinkmann
number resulted in higher entropy generation. Yadav et al. [14] analysed the lumpy skin disease
model using Bernstein wavelets and confirmed the efficiency of the Bernstein wavelet method.
Finally, Soleyman et al. [15] developed the Miintz—Legendre Wavelet Collocation Method for
solving the Riccati equation. They performed error analysis and demonstrated the method’s
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efficiency and accuracy. Suresh ef al. [16] applied the Taylor wavelet operational matrix method
to analyse Rivlin-Ericksen fluid flow over a stretching sheet. They compared their results with
those obtained using the BVP4C method and found excellent agreement between the two
approaches. Shiralashetti et al. [17] used the Jacobi wavelet method to solve the problem of
laminar fluid flow over a porous channel. Their study revealed that the velocity boundary layer
thickness decreased as the volume fraction of the nanofluid increased.

Mulimani and Kumbinarasaiah [18] utilised the Gegenbauer wavelet collocation technique
to analyse the nonlinear Fisher’s equation. They presented several numerical problems to
demonstrate the effectiveness and efficiency of the method. Ramareddy et al. [19] applied the
Fibonacci wavelet frame operational matrix to study Arrhenius-controlled heat transfer over a
microchannel. They compared their results with previous studies and found an excellent
agreement, further validating the accuracy and reliability of their approach. Dong and Chen [20]
employed the Haar wavelet collocation method to analyse fractional pantograph delay differential
equations. They validated their results through various numerical experiments, demonstrating both
the accuracy and efficiency of the proposed method. Raza et al. [21] used the Hermite wavelet
collocation technique to solve 3-D partial differential equations. To assess the accuracy of their
approach, they solved the Helmholtz and Poisson equations and found excellent agreement with
the expected results, confirming the high precision of the method. Using a three-dimensional
model, Nadeem ef al. [22] investigated the flow of Casson fluid over a linearly expanding sheet.
They found that the skin friction coefficients increased with higher values of the Hartmann number
and porousness parameter. Ahmad et al. [23] analysed Casson fluid flow across a stretching sheet
to examine heat transfer

In the present study, we have developed an orthogonal Bessel polynomial based on the
Bessel polynomial using the Gram-Schmidt orthogonalisation technique. From this, we generated
an operational matrix of integration using these polynomials. This generated matrix was then
applied to solve nonlinear differential equations with finite boundary conditions. Additionally, we
extended our approach to solve a differential equation with infinite boundary conditions, modelling
the flow of MHD Casson fluid over a stretching sheet. The results obtained were compared with
both exact and analytical solutions, showing a remarkable agreement, further validating the
effectiveness of our method. It could be observed from our study that orthogonal Bessel
polynomials provided better results in comparison with the non-orthogonal Bessel polynomials.

2. Orthogonal Bessel Polynomial

The Bessel polynomial is obtained by solving the following differential equation [5]:

d*y(x) dy(x) _
e T 2(x+2) o nn+ Dyx)=0 (1)
The Bessel polynomial satisfies the following recurrence realtion:
Yne1(X) = (21 + Dxyn (%) + yp-1(x) 2)

where yo=1and y; =1+ x
Which yields the following sequence of polynomials:
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y, =3x%+3x+1

y3 = 15x3 + 15x% + 6x + 1

ys = 105x* + 105x3 + 45x% + 10x + 1

ys = 945x° + 945x* + 420x3 + 105x2 + 15x + 1 .

Vio = 654729075x10 + 654729075x° + 310134825x8 + 91891800x7 + 18918900x°
+ 2837835x° + 315315x%* + 25740x3 + 1485x2 + 55x + 1

These polynomials are not orthogonal. We orthogonalize the polynomials wrt weight function 1

. . 1 .
and wrt weight function N and get 2 sets of orthogonal polynomials.

The orthogonal polynomials concerning the weight function 1 are as follows:

=1
=X
=3x%2 ——
rp=3x* =3
_ 15x(4x* = 3)
Ty = 2
105
r, = 105x* — 105x2 + 5
_ 945x(16x* — 20x? + 5)
5= 16
— 10395%5 31185x* 4 93555x% 10395
Te = X 2 16 32
135135x(64x° — 112x* + 56x2% — 7)
T7 =
64

10135125 = x* 2027025x% 2027025
rg = 2027025x8 — 4054050x° + 2 — 2 + 78

_ 34459425x(256x® — 576x° + 432x* — 120x% + 9)
B 256

Ty

: : : . 1
The orthogonal polynomials with respect to the weight function T areas follows:

t0=1
t]_:x
3
t, =3x% —=
2 X >
15x(4x? — 3)
t3:—4
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105
t, = 105x* — 105x2 + —

8
945x(16x* — 20x% + 5)
fs = 16
~ . 31185x* 93555xx? 10395
te = 10395x° — ——"— + ——— — —
. _ 135135x(64x° — 112x" + 5622 7)
7 64

10135125x* 2027025x? 2027025
tg = 2027025x® — 4054050x° + Z — 1 + 5

_ 34459425x(256x8 — 576x° + 432x* — 120x% 4+ 9)

by
256
3273645375x8 = 22915517625x®  16368226875x* = 16368226875x2
th = 654729075x10 - + - + -
2 16 32 256
654729075
512

2.1 Function Approximation:

F(x) expressed by means of the Bessel Polynomials:

F(x) = Xm=0 ZmXm (). (3)
Where y;(x), i = 0,1,2,...00 are orthogonalized or non-orthogonalized bessel polynomials.
Truncating the series we get finite number of terms as:
F(x) = Z%;%) ZimXm(x) = ZTBW(X)- (4)
where ZT is 1 XM matrix and B, (x) is M x 1 matrix, ZT = [Zy,Z1Z,.....Zy_4] and

Bw ()" = [xo, X1, X2+ -+ Xm—1]
Where ZT is the unknown coefficient matrix to be obtained. B,,(x) are the orthogonalized or
non-orthogonalized Bessel polynomials. Here we consider 10 such polynomials and hence M =

10. Therfore let Ble(x) =Yoo Y1 Y2 Y3 Ya Vs Ye Y7 Vs Y9]T, Bro(x) =
[ro 7 1, 13 Ty Ts Te T; T3 7"9]T ) Bi1o(x) =
[to t1 t, t3 ty ts tg t; tg to]”

3. Operational matrix of Integration
3.1 Operational matrix of Integration for Bessel Polynomials :

Integrate y,,(x) wrt x and expressing as a linear combination of Bessel polynomials.
Jy yo(x)dx = [-1 00000 0 0 0]By,),

1
-2 1
fo @dx = [+ 00 00 0 0 0]Byx)

[N R
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x -1 1 1 1
Jo y20dx=1[7 — - — 0 .0 0 0 0 0]By(x),
x -1 1 1 1
Jo y3@dx=[— 0 — — — 0 0 0 0 0]By;o(x),
x -1 1 01 1
Jo ya@dx=[7; 0 0 — — — 0 0 0 0]By,(x),
x -1 1 1 1
Joysdx=[Z 0 0 0 — = — 0 0 0]By(x),
x -12586 7161 1 1
fO Ye(x)dx = [264305 0000 558559 42 91 0 0]By10(x),
x —552 2 -3 1 1 1
fO y7(x)dx = [15455 381539 779972 000 105 56 120 0]By10(x),
x —98 5 -6 2 1712 1 1
fO ye(x)dx = [3527 291178 527903 535539 232831 72 E]Bylo(x)’
X
f() yg(X)dx =
[—227 47 -35 -2 19 -9 -2 1 965 11070]B () +
10014 48966 57437 30043 93926 184414 605191 636630 165016 996301) DY10\X

1
E)’n(x)r
This implies,
fox By10(x)dx = S1ox10By10(X) + §y1o(x)'

where
—1 1 0 0 0 0 0 0 0 0 1
-2 1 1
— = - 0 0 0 0 0 0 0
3 2 6
-1 1 1 1
— — - — 0 0 0 0 0 0
3 10 6 15
-1 1 1 1
— 0 — — — 0 0 0 0 0
6 21 12 28
-1 1 1 1
— 0 0 — — — 0 0 0 0
10 36 20 45
-1 1 1 1
§=|= 0 0 0 — — — 0 0 0
15 55 30 66
—-12586 7161 1 1
0 0 0 0 —_— = — 0 0
264305 558559 42 91
-552 2 -3 1 1 1
0 0 0 — — — 0
15455 381539 779972 105 56 120
-98 5 -6 0 2 0 1712 1 1
3527 291178 527903 535539 232831 72 153
227 47 -35 -2 19 -9 -2 1 965 11070
10014 48966 57437 30043 93926 184414 605191 636630 165016 996301
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Bylo(x) =

cCcoocococococoo

1
E)’n(x)

Integrating B,1o(x) twice we get

5 I Byro(x)dxdx = S'10x10By10(x) + B'y10(x),
and thrice we get

X X X 17 nIr
Jo Iy Jo Byro(¥)dxdxdx = 5" 19x10By10(%) + B"y10(%),
In the similar way we can obtain higher order operational matrix of integration

3.2 Operational matrix of Integration for Orthogoanl Bessel Polynomials wrt

https://doi.org/10.71058/jodac.v9i12005

Weight function 1 :

Integrate 7,(x) wrt x and expressing as a linear combination of Bessel polynomials.

N

ro(x)dx=[0 1 0 0 O

1 1

0 0 0 0 0]By(x),

f()x rl(x)dx:[g 0 g 00 0 00 O O]Brlo(X),
[F r(0)dx = [0 ‘?2 0 1—15 00 0 0 0 0]B(),
-3 -3 1
fO r3(x)dx = [T O 7 0 E O 0 0 O O]Brlo(x),
[y mG)dx=[0 0 0 = 0 — 0 0 0 0]B,(),
15 5 1
foxrs(x)dxz[7 000 = 0 — 0 0 0]Br1o(),
-6 1
Jo re()dx=[0 0 0 0 0 = 0 — 0 0]Bry(x),
X —-1575 -7 1
Jy rdx=[—= 000 0 0 — 0 — 0]By(x),
-8 1
Jo e()dx=[0 0 0 0 0 0 0 — 0 —]Br(x),
19845 -9 1
o e(dx=[== 00 0 0 0 0 0 = 0]Byo(x) +om1:1(%),
This implies,
fox Br1o(¥)dx = Wigx10Bri0(¥) + Brio(%),
where

VOLUME 9 ISSUE 12 2025

PAGE NO: 87


https://doi.org/10.71058/jodac.v9i12005

JOURNAL OF https://doi.org/10.71058/jodac.v9i12005

DYNAMICS AND CONTROL

0 1 0 0 0 0 0 0 0 O-
1 0O 2 0 0 0 0 0 0 O
6 6
o =20 L o0 0 0 0 0 0 K
5 15 0
2 9 290 X 0o 0 0 0 o0 0
4 7 28 0
0 00 =20 — 0 0 0 0
9 45 0
15 -5 1 B
w=l3 0 0 0 0 L 0 0 0 landBue0=| :
o 0 0 0 0 =0 X o o 0
13 91
=0 0 0 0 0 Z 0 = 0 %
~ —n1(x
0 0 0 0 0 0 0 -8 0 1 190 11 )
17 153
19845 v 5 9 0 0 0 0 =2 o
2 19

Integrating B,19(x) twice we get
X X / D'
Jo Jo Brio(@)dxdx = W'19x10Br10(x) + B'r10(x),
and thrice we get

X X rX 7 pr!
Jo Iy J5 Brio(x)dxdxdx = W" 1gx10Br10(x) + B"10(%),
Similarly, we can obtain a higher-order operational matrix of integration

3.3 Operational matrix of Integration for Orthogonal Bessel Polynomials wrt

1
Ji—x2 *

Weight function

Integrate t,,(x) wrt x and expressed as a linear combination of Bessel polynomials.

[ t()dx=[0 1 0 0 0 0 0 0 0 0]Byo(x),

[{ ti)dx=[; 0 = 00 0 0 0 0 0]By(x),

4

f;‘ t,(x)dx=[0 — 0 = 0 0 0 0 0 0]Bpo(x),
[{tadx=[22 0 = 0 — 0 0 0 0 0]Bo(x),
[y ts@)dx=[0 0 0 = 0 = 0 0 0 0]B(),

[ ts@dx=[F= 000 = 0 = 0 0 0]Byo(x),
[y te()dx=[0 0 0 0 0 —= 0 o 0 0]Bo(x),

[ t@de=["22 0000 00 == 0 —Buo(x),
[Fts@)dx=[0 0 0 0 0 0 0 =2 0 —By,(),
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[ ts()dx=["=2 000 0 0 0 0 = 0]Byo(x) + -t (%),
This implies,
fox B1o(x)dx = Q10x10Be10(X) + Be1o (%),
Where
-0 1 0 0 0 0 0 0 0 0i
20 X 0 0 0 0 0 o0 o0
4 6
o 20 X 0o 0 0 0o o0 o0 0
—45 * -5 1 1 0
= 9o 20 X 0 0 0 0 o0 0
32 8 28 0
0 0 0 Z 0o X o 0o o0 o
12 45 R 0
Q=| 1575 0 0 0 -9 0 1 0 0 0 and Byyo(x) = 0
128 16 66 0
-11 1
0 0 0 0 0 = 0 <~ 0 o 0
20 91
—=7 0 0 0 0 0 0 — 0 — 0
40 24 120 it11(x)
0 0 0 0 0 0 0 ‘2—185 0 é 190 -
= 0 0 0 0 0 0 0 — 0
10 32 -

Integrating B;1o(x) twice we get
X rx ' Y
Jo Jy Bero(X)dxdx = Q'10x10Br10(%X) + B'110(%),
and thrice we get
X X X " Y
Jo Iy Jo Brao(¥)dxdxdx = Q" 19x10Br10(¥) + B ¢10(%),
Similarly, we can obtain a higher-order operational matrix of integration

4. Numerical Experiments

Problem 1: Let's consider the following differential equation [4]
y"'(x) + (¥ (x))? — y(x) = sinh?(x),0 < x < 1 (1)
with boundary conditions

y(0) =1,y(1) = cosh(1) )
This equation has an exact solution y(x) = cosh(x)

Numerical Implementation:

Assume
y”(x) = ZIBylo(x) 3)
where ZlT =[| a, a, as a4 as, 0as Qa; ag Qg @19 | is an unknown coefficient
matrix
On integrating Eq.(10) wrt x from 0 to x, we get
y'(x) =y'(0) + ZlT(SloxloBym(x) + By10(x)) 4)

Again, integrating Eq.(11) wrt x from 0 to x, we get
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y(x) =1+xy'(0) + Z1T(5110><1oBy10(x) + gylo’(x)) )

we have y(1) = cosh(1), thus on substituting this in Eq.(12) we get
y'(0) = cosh(1) =1 — ZlT(5110x1oBy10(x) + By10' (%)) (6)
Now substituting Eq.(7) into Eq.(10) in Eq.(8) and collocating this equation with collocating points

xX; = 2;1 for i=1234,5,6,789,10, we obtain a system of nonlinear simultaneous

equations with unknown coefficients. On solving these unknown coefficients by MATLAB, we
get the unknown coefficients, which, on substituting in Eq.(7) to Eq.(10) we obtain y(x),y" (x)

and y'"'(x).

The unknown coefficients Z7 is
2T = [ 1592 1199 823  —641 —452 217  —306 16 1 ]
1 2589 2368 3009 10609 1665 1817 19139 23125 850914

On resubstituting this Z7 into Eq.(7) to Eq.(10) we get y'(0), y(x), y'(x), y"(x)

y(x) = —0.127405089x* — 0.1292487382x1° + 1.240083019x° — 1.312702623x8 —

0.244119589x7 + 0.693434427x° + 0.1392748232x> — 0.2381462123x* —

0.04588456035x3 + 0.5834983007x% — 0.01570312086x + 0.9999999979 (8)
The numerical implementation is similar for orthogonal polynomials as well.

Thus, for orthogonal Bessel polynomials wrt the weight function 1, we get unknown coefficients

ZT as
T _ 1089 1126 768 —-281 599 —46 47 —-26 3
Z; =] Gz 7 9w 72 11081 @13 3692 zo1sz5 635966 ]
On resubstituting this ZJ into Eq.(7) to Eq.(10) we get ¥'(0), y(x), V'(x), y"(x)

y(x) = 0.4996321408x2 — 0.0003231586225x(429x° — 693x* + 315x% — 35) —
0.0000002399892916x(88179x10 — 230945x8 + 218790x° — 90090x* + 15015x? —
693) — 0.00001269831277x(12155x% — 25740x° + 18018x* — 4620x2 + 315) —
0.02353870164x + 0.1261765747x3 + 0.01557973079x* — 0.151111263x° —
0.006197730706x8 + 0.08082565109x'° + 0.001071448998x(63x* — 70x? + 15) + 1.0

)
. . . 1 .
For orthogonal Bessel polynomials wrt the weight function 7 We get unknown coefficients
—-X
ZI as
2T = 1089 1126 768 —281 599  —46 47 -26 3 ]
3 1192 2387 4987 2323 11081 4213 36924 291529 835966

On resubstituting this Z3 into Eq.(7) to Eq.(10) we get y'(0), y(x), y'(x), y"(x)

y(x) = 0.0000002234300236x + 0.0000001404620569x(4x* — 3) + 2.645389695 X

107 11x(1024x1° — 2816x8 + 2816x° — 1232x* + 220x% — 11) +
0.00000001134914273x(64x° — 112x* + 56x% — 7) + 0.00000005357136389x(16x* —
20x% 4+ 5) 4+ 0.000000001092919549x(256x8 — 576x° + 432x* — 120x? + 9) + 0.5x% +
0.04166666146x* + 0.001388807364x° + 0.00002456599299x8 +
0.0000001701038084x° + 1 (10)
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Table 2: Comparison of y(x) with exact solution for problem 1 by non-orthogonal Bessel

polynomials [4]

https://doi.org/10.71058/jodac.v9i12005

X exact solution [4] Present Method Absolute Error
0 1 0.999999997850454 | 2.149545652585516%x 10799
0.1 | 1.005004168055804 1.004197019459414 | 8.071485963894176x 10794
0.2 | 1.020066755619076 1.019534276858869 | 5.324787602067893% 10~ %%
0.3 | 1.045338514128860 1.045363897007994 | 2.538287913367299% 107>
0.4 | 1.081072371838455 1.081357729848286 | 2.853580098314268x 1074
0.5| 1.127625965206381 1.127789234672908 | 1.632694665270051x 1074
0.6 | 1.185465218242268 1.185416876962027 | 4.834128024056028% 107>
0.7 | 1.255169005630943 1.255087116377476 | 8.188925346686027x 10795
0.8 | 1.337434946304845 1.337444669616795 | 9.723311950482483x 10796
0.9 | 1.433086385448775 1.433112289776802 | 2.590432802707099x 1075

Table 3: Comparison of y(x) with exact solution for problem 1 by orthogonal Bessel

polynomials wrt weight function 1 [4]

X exact solution [4] Present Method Absolute Error
0 1 0.999999999988787 | 1.121303050410916x 10~11
0.1 | 1.005004168055804 1.005004020275429 | 1.477803743821227% 10797
0.2 | 1.020066755619076 1.020066717161464 | 3.845761153975502%x 10798
0.3 | 1.045338514128860 1.045338415470315 | 9.865854577739697% 10708
0.4 | 1.081072371838455 1.081072248502612 | 1.233358426500075% 10797
0.5| 1.127625965206381 1.127625937973022 | 2.723335867926835% 1078
0.6 | 1.185465218242268 1.185465132129988 | 8.611227997334936% 10708
0.7 | 1.255169005630943 1.255168895139315 | 1.104916280691981% 10797
0.8 | 1.337434946304845 1.337434902573261 | 4.373158346560047% 10798
0.9 | 1.433086385448775 1.433086251659773 | 1.337890012109710% 10~°7

Table 4: Comparison of y(x) with exact solution for problem 1 by orthogonal Bessel

polynomials wrt weight function

1

1-x2

[4]

exact solution [4]

Present Method

Absolute Error

1

0.999999999998787

1.212585587495596% 1012

0.1

1.005004168055804

1.005004168054692

1.111555292254707% 10~12

0.2

1.020066755619076

1.020066755618101

9.752199048307375% 10713

0.3

1.045338514128860

1.045338514128007

8.537615059367454x 10713
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0.4 | 1.081072371838455 1.081072371837699 | 7.560618797697316x 10713
0.5 1.127625965206381 1.127625965205749 | 6.312728118018640% 10713
0.6 | 1.185465218242268 1.185465218241817 | 4.507505479978136% 10713
0.7 | 1.255169005630943 1.255169005630620 | 3.226308109560705% 10713
0.8 | 1.337434946304845 1.337434946304594 | 2.502442697505103% 10713
0.9 | 1.433086385448775 1.433086385448678 | 9.681144774731365%x 10714

1.6

@ @5 csant Mathad By Orrogonal Bessel Ponorial t Weigh Funcion 1
15 b= Prosent Method By Orthogonal Bessel Palynomial at Weight Functon 114(1-¢)

144

X13-
>

124

1.1+

1.0
Figure 1: Exact versus Present method for Problem 1
Problem 2: Analysis of the MHD Casson fluid flowing over a permeable stretching sheet

In this case, we consider a laminar Casson fluid boundary layer flow across a permeable
stretched sheet with the magnetic field oriented at 7. Using the assumption that the y-coordinate
is orthogonal to the flow and that the x-coordinate is taken horizontally across the surface. The
ambient velocity is U, = sx, where s is the stretching constant. The above consideration is
shown in Figure 3.
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Figure 2: Casson fluid flow over a stretching sheet
The Governing equations for the non-Newtonian fluid flowing over a stretching sheet are

given by [11, 23]:
ou 0dv
% + 5 =0, (11)
ou ou _ 1,0%u oBZsin? (1) s
ua+v$—v(1+ﬁ)ay2 (—p +pK)u (12)
The corresponding boundary conditions are:
u=U,, v=0 at y=0 (13)
u—->0 as y-> o (14)
The following similarities are used to convert PDE to ODE
u=sy't), v=—Vsr, and n= [y (15)
Utilizing Eq.(26) in Eq.(23) to Eq.(25) we get
A+ D"+ ff" = f2 = (Msin®(D) + Da™D)f' = 0, (16)
corresponding boundary conditions reduce to
f(© =0, f(0)=1 and f(x) -0 (17)
The analytic solution to this equation is
1™ _|B(+Msin?(t)+Da"1)
fx)= — where a—\/ 5 (18)

Numerical Implementation:
To implement the present method, we need to transform a semi-infinite interval into a finite

one by considering the transformation [4] § = ni and F(6) = fn(_n)’ where 71, is the number at
which f'(n) approaches zero, thus the governing equations reduce to.
(1+ %)F"’ + 0% (FF" — F'2 — (Msin?(t) + Da™Y)F") = 0, (19)

with boundary constraints:
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F(0)=0, F((0)=1 and F'(1)=0 (20)
Now Assume
F"'(8) = D{By1o(x) 21)
where DT =[ d;, d,, d3 ds ds, dg, d; dg, do, dyiy ] isanunknown coefficient
matrix

On integarting Eq.(32) wrt § from 0 to § we get

F"(8) = F"'(0) + D{ (S10x10By10(x) + Eylo(x)) (22)

Again integrating Eq.(33)wrt § from 0 to 6 we get
F'(6) =1+ 6F"(0) + D1T(5'10><103y10(x) + Eylo’(x)) (23)

Again integrating Eq.(34)wrt § from 0to § we get

52 " " D 2
F(6)=6+—F(0) + Df (S"10x10By10(x) + By10" (X)) (24)
Now at §=1 Eq.(34) provides F'"'(0)

F'(0) = -1- D1T(5'10x103y10(x) + §y10’(x)) (25)
Now substituting these Eq.(24) to Eq.(28) in Eq.(22) and collocating this equation with collocating
points x; = 2;—_0 for i=1,234/5,6,789710, we obtain a system of nonlinear simultaneous

equations with unknown coefficients. On solving these unknown coefficients by MATLAB, we
get the unknown coefficients, which on substituting in Eq.(24) to Eq.(28) we obtain
F'(6),F(6),F"'(6) and F"(6).

The unknown coefficients DT for =1, t = %’ M = 2,and Da™! =2 is:

DT _ [ 3699 2474 2377 —-2586 —993 1484 341 90 -15 -2
1 =

293 279 1364 457 248 599 867 3967 41504 680751 ]

F'(8) = —0.92035873926 — 9.26476350961° + 31.744408585° — 24.614337458 —
10.3028264957 + 14.542021835° + 5.42895708165° — 6.1624743275% —
5.06205195443 + 7.83920875562 — 4.2277837768 + 0.9999999531 (26)

The numerical implementation is similar for orthogonal polynomials as well.
Thus, for orthogonal Bessel polynomials wrt the weight function 1 we get unknown

coefficients
DT = 54997 —17839 11983 —4646 6034 —985 90 -13 1 ]
2 411 59 82 149 1651 3788 7663 37954 158722

On substituting in Eq.(24) to Eq.(28) we obtain F'(8), F(8),F'"'(8) and F''(6).

F'(8) = 8.9990713715% — 0.012665963595(4296° — 6935* + 31562 — 35)
—0.00000022016314165(881798° — 23094558 + 2187905° — 900905
+ 1501562 — 693) — 0.000051904811996 (1215568 — 257406° + 180185*
—46206% + 315) — 0.087486907116 — 30.393146196° + 13.538996995*
+ 7.7006944716° + 1.75442055568 + 0.141898979461°
—0.30563679415(636* — 706% + 15) + 1
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For orthogonal Bessel polynomials wrt the weight function ﬁ we get unknown coefficients

T
D3 as

D; =1

—1714 15491

—6949 7536

—1419

658

—102

https://doi.org/10.71058/jodac.v9i12005

8 —46

81 248

113

307

292

1219 2809 4985 909833

On substituting in Eq.(24) to Eq.(28) we obtain F'(6), F(6), F''(8) and F"(6).

F'(6) = 0.00028304658596(102451° — 281668 + 28166° — 12326* + 22062 — 11) —
2.48641238865(46% — 3) — 13.30696456 + 0.15502747755(646® — 1126* + 5662 — 7) +

0.51469858725(166* — 2062 + 5) + 0.010987384015 (25668 — 5766° + 43256* —

1206% +9) + 9.14789565862 + 11.589096985* — 2.4056547496° — 3.08024767558 —

1.1387089816° + 1.000000329

Table 5: Comparison of f'(1) with an analytic solution for problem 3

exact solution Bessel weight function | weight fuction =
: - 1

n Polynomial =1 =
0 1 1.00654312625 1.00016565227 | 1.00000515412
1 | 0.2431167344 | 0.26451798357 | 0.24595655543 | 0.24315155627
2 | 0.0591057465 | 0.06450948283 | 0.06165465656 | 0.06016216266
3 | 0.0143695961 | 0.02653640012 | 0.01626526554 | 0.01451652626
4 | 0.0034934892 | 0.01555024073 | 0.00516556563 | 0.00356265455
5 | 0.0008493257 | 0.00245478134 | 0.00132626262 | 0.00092151558

Table 6: Comparison of (1 + %) f"'(0) by the present method employing the Orthogonal

VOLUME 9 ISSUE 12 2025

Bessel Polynomial wrt the weight function

with Nadeem et.al [22]

1-x2
M1 B @+f O | A+pf"(0) by
by Nadeem et.al | Present Method
0 1 1.4142 1.41464251859
0 5 1.0954 1.095716841658
10 | o 3.3165 3.316825446452
10 1 4.6904 4.690991568547
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Analytical Solution
1.0 Present Method By Bessel Polynomial
Present Method By Orthogonal Bessel Polynomial at Weight Function 1
[ ]

Present Method By Orthogonal Bessel Polynomial at Weight Function 1/(1-x2)

0.9 o R et |

0.8 I p— M =3

0.2 5 b

0.1 RO i

Figure 4: Variation of axial velocity for various values of Magnetic Field

VOLUME 9 ISSUE 12 2025 PAGE NO: 96


https://doi.org/10.71058/jodac.v9i12005

_JOURNAL OF https://doi.org/10.71058/jodac.v9i12005
::"'DYNAMICS AND CONTROL

=0
0.9 --=er=7/6|
""""" T=nl4
081 == /3| ]

071 1

0.1F ROV il

0 1 2 3 4 5 6
n

Figure 6: Variation of axial velocity for various values of Inverse Darcy Number
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Figure 7: Variation of axial velocity for various values of Casson Parameter

S. Results and Discussions
Here a newly generated Orthogonal Bessel polynomials have been used to solve
differential equations with finite and infinite boundary conditions. In problem 1, a second-order
non-linear differential equation with finite boundary conditions is considered; this equation has an
exact solution cosh(x). The proposed method has been implemented in solving the differential
equation and compared with the exact solution in Tables 2, 3 and 4. From tables, it could be
observed that the absolute error is very less for orthogonal Bessel polynomials with weight

function ﬁ Figure 1 displays the convergence of the solution via the present method with the

exact solution.

In problem 2, we have considered a Casson fluid flowing over a permeable stretching sheet
in the vicinity of a magnetic field that is inclined at an angle 7. This problem consists of a
differential equation with infinite boundary conditions. The infinite boundary condition is
converted to finite by employing certain transformations and then implementing the proposed
method. The solution obtained via this method has been compared with the analytical solution of
the problem and found that the solution obtained is more accurate for orthogonal Bessel

olynomials with weight function —in comparison with other polynomials, which can be
poly g Nl p poly

witnessed in Table 5. Figure 3 displays the convergence of the solution via the present method
with the analytical solution.

The graphs to study the behaviour of the fluid over the stretching sheet have been studied
1

Vi—x2'
impact of the magnetic field on the flow. An increase in the strength of the magnetic field decreases

by employing orthogonal Bessel polynomials with weight function Figure 4 shows the
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the axial velocity of the fluid due to the increased Lorentz force. Figure 5 shows the impact of an
inclined magnetic field over the stretching sheet, increasing which decreases the axial velocity of
the fluid. Permeability reduces the axial velocity of the fluid as shown in Figure 6, due to the
increase in resistance caused by the sheet. Figure 7 displays the impact of the Casson parameter
over the stretching sheet, an increase in which causes the axial velocity of the fluid to decrease.

6. Conclusion

In this study, we have introduced a new set of orthogonalized Bessel polynomials and
deriving the operational matrix of integration corresponding to these polynomials. The generated
matrices were then employed in solving a range of problems that involve both finite and infinite
boundary conditions, which are commonly encountered in various engineering and physical
phenomena. To assess the performance and accuracy of the method, we compared the results
obtained through this approach with exact and analytical solutions available for these problems.
The comparison revealed an excellent match for orthogonal Bessel polynomials with weight

function ﬁ, showcasing the precision of the developed method in solving complex differential

equations. Furthermore, to provide a more visual verification of the method’s effectiveness, we
plotted the solutions obtained through this operational matrix approach alongside the exact
solutions. The graphical comparison demonstrated a remarkable correlation between the two sets
of solutions, reinforcing the high degree of precision and dependability of the suggested approach.

This confirms that the orthogonalized Bessel polynomials with weight function =, combined

1
Vi-x
with the operational matrix of integration, offer a highly efficient and precise tool for solving
differential equations with varying boundary conditions.
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