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Abstract: A A non-parametric theory-based innovative symmetric information divergence measure for 

communication systems is proposed. This information measure belongs to the family of f-divergence. 

Furthermore, for the first time, we derive some bounds i.e. equalities and inequalities for this information 

divergence measure with well-known divergence measures, namely: Symmetric Chi-Square divergence 

Measure, Kumar & Johnson divergence and Bhattacharyya information measure, based on two distinct 

discrete probability distributions 
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1.   Introduction 

            Let   Γn= {P = (𝑝1, 𝑝2, 𝑝3, . . . 𝑝𝑛); ip > 0,∑ 𝑝𝑖
𝑛
𝑖=1 = 1}, n ≥2, be the set of all complete finite discrete 

probability distributions. Csiszár [2, 3] introduced a generalized measure of information using the f-

divergence measure  

                
              

 𝐶𝑓(𝑃, 𝑄) = ∑ 𝑞𝑖
𝑛
𝑖=1 𝑓  (

𝑝𝑖

𝑞𝑖
)                                                                  (1.1)  

             Where f :( 0,∞) →R (set of real numbers) is a convex function. Most common choices of function 

f satisfy f (1) = 0, so that. .0),( =QPC f  The convexity of the function f ensures that the divergence 

measure ),( QPC f  
is nonnegative. An important characteristic of this divergence measure is that many 

known divergences [4, 5, 6, 12], can be obtained from this measure by appropriately defining the convex 

function f.  

https://doi.org/10.71058/jodac.v9i8002
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   Furthermore, Information divergence measures are important in communication systems as they quantify 

the variance between probability distributions, empowering the assessment of communication channel 

performance, error rates, and the effectiveness of data compression techniques. They help in understanding 

how much information is lost or gained during transmission, aiding in designing more reliable and efficient 

communication systems. 

The edifice of an information divergence measure for two distinct probability distributions is not an easy 

task. 

Many authors introduced information measures, some of them are as follows: - 

• Chi-square divergence (Person, [8]) 

𝜒2(𝑃, 𝑄) = ∑
(𝑝𝑖−𝑞𝑖)2

𝑞𝑖

𝑛

𝑖=1
                                                                          (1.2) 

• Symmetric Chi-square divergence (Dragomir et al., [20]) 

𝜓(𝑃, 𝑄) = 𝜒2(𝑃, 𝑄) + 𝜒2(𝑄, 𝑃) = ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖+𝑞𝑖)

𝑝𝑖𝑞𝑖

𝑛

𝑖=1
                          (1.3) 

• Triangular discrimination ( Topose, [14]) 

Δ(𝑃, 𝑄) = 2[1 − 𝐻(𝑃, 𝑄)] = ∑
(𝑝𝑖−𝑞𝑖)2

𝑝𝑖+𝑞𝑖

𝑛

𝑖=1
                                              (1.4) 

• Harmonic mean divergence (Taneja, [18]) 

            𝐻(𝑃, 𝑄) = ∑
2 𝑝𝑖 𝑞𝑖

𝑝𝑖+𝑞𝑖

𝑛

𝑖=1
                                                                              (1.5)     

• Kumar and Johnson divergence (Kumar and Johnson, [4]) 

𝜓𝑀(𝑃, 𝑄) = ∑
(𝑝𝑖

2−𝑞𝑖
2)2

2(𝑝𝑖 𝑞𝑖)
3

2⁄

𝑛
𝑖=1                                                                            (1.6) 

• Bhattacharyya information measure (Bhattacharyya, [15]) 

            𝐵(𝑃, 𝑄) = ∑ √𝑝𝑖 𝑞𝑖

𝑛

𝑖=1
                                                                            (1.7)     

   In this research work, we are introducing a new theory-based non-parametric information divergence 

measure which fits into the category of Csiszár’s −f Divergences [2, 3].     

      A different theory-based non-parametric symmetric information divergence measure is achieved in 

section 2. In section 3, we obtained some unique propositions (equalities and inequalities) for the new 

information divergence measure in terms of some recognized and valued divergence measures. Section 4 

concludes the paper. 

https://doi.org/10.71058/jodac.v9i8002
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Note:  For shortness, we will denote ii qp , and 
=

n

i 1

by qp, and  respectively. 

2. New Information Divergence Measure  

 
          Now, we consider the function ( )→,0:f ℝ , given by 

                          
( )

( ) ( )
( )3

22

1

118

+

+−
=

u

uu
uf

                                                                                 (2.1) 

  Next, 

                          
( )

( ) ( )
( )4

23
/

1

53518

+

+−+−
=

u

uuuu
tf                                                               (2.2) 

  And  

                         ( )
( )
( )5

2

1

710732

+

+−
=

u

uu
uf                                                                                (2.3) 

The function f (u) is convex since  ( ) 0 uf  for all u > 0 and normalized also since f (1) = 0. 

     

 

                                                            Figure 1: Graph of the function f (u) 

https://doi.org/10.71058/jodac.v9i8002
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Figure 1 shows the behavior of the function 𝑓(𝑢) and which is continuously convex. 

     Ali- Silvey [1] and Csiszár’s [2, 3] introduced the generalized measure of information using the f-

divergence measure given by 

                           𝐶𝑓(𝑃, 𝑄) = ∑ 𝑞𝑖 𝑓 (
𝑝𝑖

𝑞𝑖
) = ∑ 𝑞 𝑓 (

𝑝

𝑞
) 𝑛

𝑖=1                                                             (2.4)  

Applying Csiszár’s f-divergence properties on equation (2.1), we get 

              Ν(𝑃, 𝑄) =  8 ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖

2+𝑞𝑖
2)

(𝑝𝑖+𝑞𝑖)3
𝑛
𝑖=1  = 8 ∑

(𝑝−𝑞)2(𝑝2+𝑞2)

(𝑝+𝑞)3                            (2.5) 

New information measure 𝛮(𝑃, 𝑄)has the following properties:- 

a) N(P, Q) = 0  for P  = Q                                                                                                    (2.6) 

b)  𝛮(𝑃, 𝑄) is a symmetric information measure, since 

                          Ν(𝑃, 𝑄) = Ν(𝑄, 𝑃)                                                                                   (2.7) 

c) The measure is nonnegative in the pair of discrete probability distributions. ( ) nQP , . 

 

https://doi.org/10.71058/jodac.v9i8002
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Figure2: 3D- Presentation of new information Measure N(P, Q) 

3. Some Equalities and Inequalities of New Information Measure With other 

Recognized Measures 

In this section, we now derive some information equalities and inequalities for N(P, Q) with other 

recognized information measures in the following propositions. 

Proposition 3.1: Let(𝑃, 𝑄) 𝜖 Γ𝑛 × Γ𝑛, then we have the following new equalities 

                    𝑁(𝑃, 𝑄) = 4 Δ(𝑃, 𝑄)[2 − 𝐻(𝑃, 𝑄)]                                                (3.1) 

and                      𝑁(𝑃, 𝑄) = 8 [1 − 𝐻(𝑃, 𝑄)][2 − 𝐻(𝑃, 𝑄)]                                          (3.2) 

Where 𝐻(𝑃, 𝑄) 𝑎𝑛𝑑 Δ(𝑃, 𝑄) are given by (1.5) and (1.4) respectively. 

Proof:   From (2.5), we have a new information measure,  

              Ν(𝑃, 𝑄)  =  8 ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖

2+𝑞𝑖
2)

(𝑝𝑖+𝑞𝑖)3
𝑛
𝑖=1   

 

https://doi.org/10.71058/jodac.v9i8002
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                             = 8 ∑
(𝑝−𝑞)2(𝑝2+𝑞2)

(𝑝+𝑞)3                     

                                                         = 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
 ∑

(𝑝2+𝑞2)

(𝑝+𝑞)2  

    = 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
 ∑

{(𝑝2+𝑞2)+2𝑝𝑞}−2𝑝𝑞

(𝑝+𝑞)2  

      = 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
  [∑

{(𝑝+𝑞)2−2𝑝𝑞}

(𝑝+𝑞)2 ] 

                                                      = 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
  [1 − ∑

2𝑝𝑞

𝑝+𝑞
  ∑

1

𝑝+𝑞
] 

            Using (1.4) and (1.5), we get 

𝑁(𝑃, 𝑄) = 8 Δ(𝑃, 𝑄) [1 − 𝐻(𝑃, 𝑄)
1

2
] 

                                                       𝑁(𝑃, 𝑄) = 4 Δ(𝑃, 𝑄)[2 − 𝐻(𝑃, 𝑄)]                                    

Again, using (1.4), we get the result. 

                                                 𝑁(𝑃, 𝑄) = 8 [1 − 𝐻(𝑃, 𝑄)][2 − 𝐻(𝑃, 𝑄)]                       

  hence the result. 

Proposition 3.2: Let(𝑃, 𝑄) 𝜖 Γ𝑛 × Γ𝑛, then we have the following new inequality 

                                                   𝑁(𝑃, 𝑄) ≤ 4 ∆(𝑃, 𝑄)                                                       (3.3) 

   and                                         𝑁(𝑃, 𝑄) ≤ 8[1 − 𝐻(𝑃, 𝑄)]                                              (3.4) 

Where 𝐻(𝑃, 𝑄) 𝑎𝑛𝑑 Δ(𝑃, 𝑄) are given by (1.5) and (1.4) respectively. 

Proof:   From (2.5), we have a new information measure,   

              Ν(𝑃, 𝑄)  =  8 ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖

2+𝑞𝑖
2)

(𝑝𝑖+𝑞𝑖)3
𝑛
𝑖=1   

 

                             = 8 ∑
(𝑝−𝑞)2(𝑝2+𝑞2)

(𝑝+𝑞)3                     

https://doi.org/10.71058/jodac.v9i8002
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                                                         = 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
 ∑

(𝑝2+𝑞2)

(𝑝+𝑞)2  

                                                𝑁(𝑃, 𝑄) ≤ 8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
 ∑

(𝑝+𝑞)

(𝑝+𝑞)2  ;      

                                                                                    𝑆𝑖𝑛𝑐𝑒 𝑝2 + 𝑞2  ≤ 𝑝 + 𝑞 

                                                                =  8 ∑
(𝑝−𝑞)2

(𝑝+𝑞)
 ∑

1

𝑝+𝑞
 

=  8 ∑
(𝑝 − 𝑞)2

(𝑝 + 𝑞)
   

1

2
 

Using (1.4), we get 

                                                              𝑁(𝑃, 𝑄) ≤ 4 ∆(𝑃, 𝑄) 

   And                   𝑁(𝑃, 𝑄) ≤ 8[1 − 𝐻(𝑃, 𝑄)] 

  hence the result. 

Proposition 3.3: Let(𝑃, 𝑄) 𝜖 Γ𝑛 × Γ𝑛, then we have the following new inequality 

                                         𝑁(𝑃, 𝑄)  ≤ Ψ𝑀(𝑃, 𝑄)  [𝐻(𝑃, 𝑄)]4  [
1

𝐵(𝑃,𝑄)
]

5
                                 (3.5) 

       Where 𝐻(𝑃, 𝑄), 𝜓𝑀(𝑃, 𝑄) and B(P, Q) are given by (1.5), (1.6), and (1.7) respectively. 

Proof:   From (2.5), we have a new information measure,  

              Ν(𝑃, 𝑄)  =  8 ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖

2+𝑞𝑖
2)

(𝑝𝑖+𝑞𝑖)3
𝑛
𝑖=1   

 

                             = 8 ∑
(𝑝−𝑞)2(𝑝2+𝑞2)

(𝑝+𝑞)3                     

 = 8 ∑
(𝑝−𝑞)2 (𝑝+𝑞)2

2(𝑝 𝑞)
3

2⁄
 
2(𝑝 𝑞)

3
2⁄

(𝑝+𝑞)2   
(𝑝2+𝑞2)

(𝑝+𝑞)3  

 ≤ 4 ∑
(𝑝2− 𝑞2)

2

2(𝑝 𝑞)
3

2⁄
  [∑

2 𝑝 𝑞

𝑝+𝑞
]

2
∑

(𝑝+𝑞)

(𝑝+𝑞)3  
1

√𝑝 𝑞
 

https://doi.org/10.71058/jodac.v9i8002
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Using (1.5) and (1.6),                   since p2 +q2 ≤ p + q 

 = 4 Ψ𝑀(𝑃, 𝑄)  [𝐻(𝑃, 𝑄)]2 ∑
1

(𝑝+𝑞)2  
1

√𝑝 𝑞
 

 =  Ψ𝑀(𝑃, 𝑄)  [𝐻(𝑃, 𝑄)]2  [∑
2 𝑝 𝑞

𝑝+𝑞
]

2
 [∑

1

√𝑝 𝑞
]

5
 

Again, using (1.5) and (1.7), we get 

    𝑁(𝑃, 𝑄)  ≤ Ψ𝑀(𝑃, 𝑄)  [𝐻(𝑃, 𝑄)]4  [
1

𝐵(𝑃,𝑄)
]

5
 

Hence the result. 

Proposition 3.4: Let(𝑃, 𝑄) 𝜖 Γ𝑛 × Γ𝑛, then we have the following new inequality. 

                                 𝑁(𝑃, 𝑄) ≤  [𝜒2(𝑃, 𝑄) + 𝜒2(𝑄, 𝑃)][𝐻(𝑃, 𝑄)]3 [
1

𝐵(𝑃,𝑄)
]

4
                         (3.6) 

       Where 𝜓(𝑃, 𝑄) = 𝜒2(𝑃, 𝑄) + 𝜒2(𝑄, 𝑃),  𝐻(𝑃, 𝑄) and B(P, Q) are given by (1.3), (1.5), and (1.7), 

respectively. 

Proof:   From (2.5), we have a new information measure,  

              Ν(𝑃, 𝑄)  =  8 ∑
(𝑝𝑖−𝑞𝑖)2(𝑝𝑖

2+𝑞𝑖
2)

(𝑝𝑖+𝑞𝑖)3
𝑛
𝑖=1   

 

                             = 8 ∑
(𝑝−𝑞)2(𝑝2+𝑞2)

(𝑝+𝑞)3                     

 =  4 ∑
(𝑝−𝑞)2(𝑝+𝑞)

𝑝 𝑞
 ∑

2 𝑝 𝑞

𝑝+𝑞
 ∑

𝑝2+ 𝑞2

(𝑝+𝑞)3 

We know that p2 +q2 ≤ p + q, so we get 

 𝑁(𝑃, 𝑄) ≤  4 ∑
(𝑝−𝑞)2(𝑝+𝑞)

𝑝 𝑞
 ∑

2 𝑝 𝑞

𝑝+𝑞
 ∑

𝑝+𝑞

(𝑝+𝑞)3 

                                                               =  ∑
(𝑝−𝑞)2(𝑝+𝑞)

𝑝 𝑞
 ∑

2 𝑝 𝑞

𝑝+𝑞
 [∑

2 𝑝 𝑞

𝑝+𝑞
]

2
[∑

1

√𝑝 𝑞
]

4
                                           

Now using (1.3), (1.5), and (1.7), we get 

https://doi.org/10.71058/jodac.v9i8002
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                                          𝑁(𝑃, 𝑄) ≤  [𝜒2(𝑃, 𝑄) + 𝜒2(𝑄, 𝑃)][𝐻(𝑃, 𝑄)]3 [
1

𝐵(𝑃,𝑄)
]

4
 

hence the inequality. 

 

4. Conclusion 

During past years, Teneja [11, 12, 18], Dragomir [20], Kumar and others [4, 5] gave the idea of 

information measures, their properties, bounds, and relations with other measures. Kumar and others 

did a lot of work, especially in the field of information theory. We have introduced a new innovative 

theoretical base nonparametric symmetric information measure, in the Csiszár’s f-divergence category 

[2, 3], by considering a convex function f, defined on (0, ∞). In this paper, we also define the very 

useful propositions of the new innovative information measure with the Symmetric Chi-Square 

divergence Measure, Kumar & Johnson divergence and Bhattacharyya information measure, based on 

two distinct discrete probability distributions. 

References 

1.  S.M. Ali and S.D. Silvey, “A general class of coefficients of divergence of one distribution from another”, Jour. Roy. Statist. 

Soc. B, vol. 28, (1966), pp. 131-142.  

2.  I. Csiszár’s, “Information-type measure of difference of probability distributions and indirect observations, Studia Sci. Math. 

Hungar, vol. 2, (1967), pp. 299-318.  

3.  I. Csiszár’s, “Information measures: A critical survey”, In Trans. Seventh Prague Conf. On Information Theory, Academia, 

Prague, (1974), pp. 73-86.  

4.  P. Kumar and A. Johnson, “On a symmetric divergence measure and information inequalities, J. Inequalities in Pure Appl. 

Math., vol. 6, no. 3, (2005), pp. 1-13. 

5.   P. Kumar and S. Chhina, “A symmetric information divergence measure of the Csiszár’s f-divergence class and its bounds” 

An I.J. computers & mathematics with applications, vol. 49, (2005), pp. 575-588. 

6.  C.E. Shannon, “A mathematical theory of communication”, Bell Syst. Tech. Jour., vol. 27, (1958), pp. 623-659. 

7.  R. Sibson, “Information radius”, Z. Wahrs. undverw Geb., vol. 14, (1969), pp. 149-160. 

8.  K. Pearson, “On the Criterion that a given system of deviations from the probable in the case of correlated systems of 

variables is such that it can be reasonably supposed to have arisen from random sampling”, Phil. Mag., vol. 50, (1900), pp. 157-

172. 

9. H. Jeffrey’s, “An invariant form for the prior probability in estimation problems”, Proc. Roy. Soc. London Ser.  A, vol. 186, 

(1946), pp.  453-461. 

https://doi.org/10.71058/jodac.v9i8002
https://doi.org/10.71058/jodac.v9i8002


 

 
 

DOI: https://doi.org/10.71058/jodac.v9i8002 

 

VOLUME 9 ISSUE 8 2025 PAGE NO: 21 

10. P. Kafka, F. Osterreicher and I. Vincze, “On powers of f-divergence defining a distance, Studia Sci. Math. Hungar, vol. 26, 

(1991), pp.  415-422. 

11. I. J. Taneja, “New developments in generalized information measures”, Chapter in: Advances in Imaging and Electron 

Physics (Edited by P.W. Hawkes), vol. 91, (1995), pp. 37-135. 

12. I.J. Taneja, “Generalized symmetric divergence measures and Inequalities”, RGMIA Research Report Collection, vol. 7, no. 

4, (2004), Art. 9. 

13. L. Le Cam, “Asymptotic Methods in Statistical Decision Theory”, Springer-Verlag, New York, (1986). 

14. F. Topose, “Some inequalities for information divergence and related measures of discrimination”, Res. Rep. Coll. RGMIA, 

vol. 2, no. 1, (1999), pp. 85-98. 

15. A. Bhattacharyya, “On some analogues to the amount of information and their uses in statistical estimation”, Sankhÿa, vol. 8, 

(1946), pp. 1-14. 

16. F. Liese and I. Vajda, “Convex Statistical Distances”, Teubner-Texte zur Mathematik, Band 95Teubner, Leipzig, (1987). 

17. E. Hellinger, “Neue Berudung der Theorie der quadratischen Formen von Un endlichen Vielen Veran derlichen, J.Reine 

Aug.Math., vol. 136, (1909), pp. 210-271. 

18. S. S. Dragomir, “Some inequalities for Csiszar's  - divergence, Inequalities for the Csiszar's f-divergence in Information 

Theory”, (Edited by S.S. Dragomir), (2000). 

19. S. S. Dragomir, V. Gluscevic and C.E.M. Pearce, “Inequality Theory and Applications” (Edited by Y.J.Cho, J.K. Kim and 

S.S. Dragomir), Nova Science Publishers, Huntington, New York, (2001).  

https://doi.org/10.71058/jodac.v9i8002
https://doi.org/10.71058/jodac.v9i8002

