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Abstract: A A non-parametric theory-based innovative symmetric information divergence measure for
communication systems is proposed. This information measure belongs to the family of f-divergence.
Furthermore, for the first time, we derive some bounds i.e. equalities and inequalities for this information
divergence measure with well-known divergence measures, namely: Symmetric Chi-Square divergence
Measure, Kumar & Johnson divergence and Bhattacharyya information measure, based on two distinct
discrete probability distributions
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1. Introduction

Let I[,={P=(p1,p2,03---Pn); P,> 0,121 p; = 1}, n =2, be the set of all complete finite discrete

probability distributions. Csiszar [2, 3] introduced a generalized measure of information using the f-
divergence measure

6P, =%k af (%) (11)

Where f :(0,00) =R (set of real numbers) is a convex function. Most common choices of function
S satisty f(1) = 0, so that. C,(P,Q)=0. The convexity of the function f ensures that the divergence
measure C,(P,Q) is nonnegative. An important characteristic of this divergence measure is that many

known divergences [4, 5, 6, 12], can be obtained from this measure by appropriately defining the convex
function f.
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Furthermore, Information divergence measures are important in communication systems as they quantify
the variance between probability distributions, empowering the assessment of communication channel
performance, error rates, and the effectiveness of data compression techniques. They help in understanding
how much information is lost or gained during transmission, aiding in designing more reliable and efficient
communication systems.

The edifice of an information divergence measure for two distinct probability distributions is not an easy
task.
Many authors introduced information measures, some of them are as follows: -

e  Chi-square divergence (Person, [8])

2 _\" i—a?
x?(P,Q) = —— (1.2)
i=1 4
o Symmetric Chi-square divergence (Dragomir et al., [20])
n
Pi—q)*pitai)
VPO =P QP = ), Betre) (13)
i= idi

e Triangular discrimination ( Topose, [14])

" pieq)?
ACP,Q) =201 - H(P,Q)] = ) L=t (14)
=1 Pt
e Harmonic mean divergence (Taneja, [18])
HP,Q =y e (15
’ B i=1 Ditqi )
e Kumar and Johnson divergence (Kumar and Johnson, [4])
—_yn (piz_‘hz)z
lpM(PJ Q) — Lj=1 2(pi‘1i)3/2 (16)

e Bhattacharyya information measure (Bhattacharyya, [15])

BP.Q =) o (17

In this research work, we are introducing a new theory-based non-parametric information divergence
measure which fits into the category of Csiszar’s f — Divergences [2, 3].
A different theory-based non-parametric symmetric information divergence measure is achieved in
section 2. In section 3, we obtained some unique propositions (equalities and inequalities) for the new
information divergence measure in terms of some recognized and valued divergence measures. Section 4

concludes the paper.
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Note: For shortness, we will denote p., g, and Z by p,q and2. respectively.

i=1

2. New Information Divergence Measure

Now, we consider the function f : (O, oo) — R, given by
8(u—1) (uz + 1)

flu)= i) 1)
Next,
/ 8(u—1){u’ +5u®> -3u+5
()= ( )((u ) ) (2.2)
And
)= 2 (74> —10u +7)
(u +1)5 (2.3)

The function f'(u) is convex since / ”(”) >0 for all u > 0 and normalized also since f(H=0.

0.5

-1 0.5 0 05 1 15 2 25 3 35 4

Figure 1: Graph of the function f (u)
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Figure 1 shows the behavior of the function f (1) and which is continuously convex.

Ali- Silvey [1] and Csiszar’s [2, 3] introduced the generalized measure of information using the f-
divergence measure given by

P, =Xkyai f (%) =Zaf(2) (24)

Applying Csiszar’s f~divergence properties on equation (2.1), we get
—a)2(p2 2 —)2(n2 2
N(P, Q) = 82{;1(’)‘ a)?(pi+ai) _ 82(1) 2)*(p*+4?) (2.5)

(pi+qi)? (p+q)3

New information measure N (P, Q)has the following properties:-

a) N(P,O)=0 forP =Q (2.6)

b) N(P,Q) is a symmetric information measure, since
N(P,Q) =N(Q,P) (2.7)

¢) The measure is nonnegative in the pair of discrete probability distributions. (P, Q) el’,.
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Figure2: 3D- Presentation of new information Measure N(P, Q)

3. Some Equalities and Inequalities of New Information Measure With other
Recognized Measures

In this section, we now derive some information equalities and inequalities for N(P, Q) with other
recognized information measures in the following propositions.

Proposition 3.1: Let(P, Q) € I, X I}, then we have the following new equalities

N(P,Q) =4A(P,Q)[2—-H(P,Q)] (3.1)
and N(P,Q) =8[1-H(P,QIl2—-H(P,Q)] (3.2)
Where H(P, Q) and A(P, Q) are given by (1.5) and (1.4) respectively.

Proof: From (2.5), we have a new information measure,

_ n (pl q)?(pf+a})
N(P,Q) = 8- (pi+a)?
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_ (-2 (p?*+q?)
=82 (p+q)3

3 P-9)? « (p?+q?)
(r+q) (p+q)?

(p-a)? « {(p*+q?)+2pa}-2pq
) (r+q) ) (p+q)?

_ (p—q)? {(p+9)?-2pq}
=8 (p+q) (p+q)? ]

:82(10—«1)2 [1_22ﬂ ZL]

(r+q) p+q ' ptq

Using (1.4) and (1.5), we get
1
N(P,Q) = BA(P,Q) |1 - H(P, Q)3

N(P,Q) =4A(P,Q)[2—-H(P,Q)]

Again, using (1.4), we get the result.

hence

N(P,Q) =8[1—-H(P, Q]2 -H(P,Q)]

the result.

Proposition 3.2: Let(P, Q) € I}, X I}, then we have the following new inequality

and

N(P,Q) <4A(P,Q)

Where H(P, Q) and A(P, Q) are given by (1.5) and (1.4) respectively.

Proof:

VOLUME 9 ISSUE 8 2025

From (2.5), we have a new information measure,

_ n i—a)*(pf+a})
NP, Q) = 8Zi=1 (pi+q)3

_ (p-)?(p?*+q?)
=82 (p+q)3

(3.3)

(3.4)
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=8y (p-9)? ¥ (p?+q%)

- (p+q) “ (p+q)?

P-9)? « (p+q)
< N T L T
N(P,Q) =8X (p+q) z:(p+q)2 ’

Sincep?+q* <p+gq

_ (P-9)?% v 1

= 8% (p+q) z:19+q
-9 1
p+q) 2

Using (1.4), we get
N(P,Q) < 4A(P,Q)
And N(P,Q) <8[1—-H(P,Q)]
hence the result.

Proposition 3.3: Let(P, Q) € I, X I}, then we have the following new inequality

5
NP.Q) < ¥u(P,Q) HP Q) [555] (3.5)
Where H(P, Q), Y (P, Q) and B(P, Q) are given by (1.5), (1.6), and (1.7) respectively.

Proof: From (2.5), we have a new information measure,

_ n  @i—a)*(pi+a})
N(P, Q) - 8Zi=1 (pi+qi)3

_ (r-a)?(p*+4?)
=82 (p+q)3

_ 8Z(p—q)2 +)? 20 )2 (p2+4?)
2092 @+)?  (p+q)3

(- a%)° [w2pd]’w (+a) 1
< 4 _—
=42 200 q) /2 [2 p+q] ) (p+q)® vpaq
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Using (1.5) and (1.6), since p>+q* <p+q

1
(p+q)2 Nox

4¥y(P,Q) [HP,QIP X

(P, Q) [P, 2229 3]

p+q

Again, using (1.5) and (1.7), we get

N(P,Q) <Wy(P,Q) [H(P,Q)]* [B(pq)]

Hence the result.

Proposition 3.4: Let(P, Q) € I, X I}, then we have the following new inequality.

N(P,Q) < [2(P,Q) + 220 PIHP, OOF [55] (3.6)

Where Y(P, Q) = x2(P,Q) + x?(Q,P), H(P,Q) and B(P, Q) are given by (1.3), (1.5), and (1.7),

respectively.

Proof: From (2.5), we have a new information measure,

_ n  @i—a)*(pi+a})
N(P, Q) - 8Zi=1 (Pi"‘ﬂh)s

_ (r-a)?(p*+4?)
=82 (p+q)3

_ @-)*(p+q9) w2pq wP*+q?
= 42 pa z:za+q (p+q)3

We know that p?+q*> < p + g, so we get

P-0)*(p+q) «2p4 p+q
NP,Q) = 4L pq 2 p+q z:(10+q)3

_ Z(p—q)z(pﬂz) Zqu [ qu] [Z ]

pq ptq ptq

Now using (1.3), (1.5), and (1.7), we get
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N(P.Q) < [(P.Q) + 2@ PIHEP, QF [

B(P,Q)

hence the inequality.

4. Conclusion

During past years, Teneja [11, 12, 18], Dragomir [20], Kumar and others [4, 5] gave the idea of
information measures, their properties, bounds, and relations with other measures. Kumar and others
did a lot of work, especially in the field of information theory. We have introduced a new innovative
theoretical base nonparametric symmetric information measure, in the Csiszar’s f-divergence category
[2, 3], by considering a convex function f, defined on (0, «). In this paper, we also define the very
useful propositions of the new innovative information measure with the Symmetric Chi-Square
divergence Measure, Kumar & Johnson divergence and Bhattacharyya information measure, based on

two distinct discrete probability distributions.
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