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Abstract: In this article, we have considered conformal change of Matsumoto Randers
transformation of m™ -root metric. Furthermore, we have obtained the condition of projectively
flatness, projectively dually flatness with homothetic change and projective factor for said
metric. We have also given some fruitful applications of flatness of metric.
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1. Introduction

The investigation of the geometric structures of families of probability distributions has led to
the development of information geometry, which finds applications in diverse fields such as
multi-terminal information theory, statistical inference, and control systems. Within this
framework, Finsler information geometry introduces a distinctive and significant class of
Finsler metrics known as dually flat Finsler metrics. These metrics are crucial for
understanding flat structures in Finsler information geometry. While studying the information
geometry of Riemannian manifolds, Amari and Nagaoka [1] introduced the notion of locally
dually flat Riemannian metrics. This concept was later extended to Finsler geometry by Shen

[4].

The m™-root metric was first introduced by H. Shimada in 1979 [10]. Since then, both
mathematicians and physicists have shown great interest in the study of m™-root Finsler metrics
due to their wide range of applications in fields such as ecology, biology, and physics including
models of space-time and unified gauge theories. A notable example is the Berwald-Moor
metric, a special case of the m'-root metric given by

F = "yl ylylbyls  yim
which plays a crucial role in the theory of space-time structure, gravitation, and general
relativity.

Let M be an n-dimensional manifold and TM be its tangent bundle. Let F: TM — R be

1
defined as F = Cm, where C = a; ;... im(x)yilyizyi3 e yim and Aiiyisi, is
symmetric in all indices. Then F is called the m-th root Finsler metric on M. For m = 3,4, the
metric is known as the cubic and quartic metric, respectively. Several researchers have
investigated and characterized transformations of m"-root Finsler metrics, including Randers
changes, Exponential change and special change [11, 14, 15, 16 ], conformal Kropina changes
[6], and generalized Kropina changes [13]. Tayebi et. al. [11] and M. Kumar [7] have studied
generalized m™-root Finsler metrics and explored the conditions under which such metrics are

locally dually flat or locally projectively flat.
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In this research paper, we consider the conformal Matsumoto-Randers change of a Finsler
metric, defined as:

F = eo(x)(% +B) (1)

In above metric if f = 0 and 0; = 0, then it is called homothetic change. Hilbert’s Fourth
Problem, in the regular case, is concerned with characterizing Finsler metrics on an open
domain where geodesics are straight lines i.e., that are projectively flat. In Riemannian
geometry, it is well known that a Riemannian metric is locally projectively flat if and only if it
has constant sectional curvature. Hence, the problem is considered fully resolved in the
Riemannian case.

In Finsler geometry, the flag curvature is a natural generalization of sectional curvature. While
every locally projectively flat Finsler metric has scalar flag curvature, the converse does not
hold there exist Finsler metrics with scalar or even constant flag curvature that are not locally
projectively flat [8]. This makes the study of Finsler metrics with scalar or constant flag
curvature both natural and necessary, as the problem remains open in Finsler geometry.

In this work, we characterize the conditions under which the conformal Matsumoto-Randers
m'-root Finsler metric is locally projectively flat and locally dually flat, and we shall derive
meaningful results.

The concept of curvature plays a central role in Riemannian geometry. In 1926, L. Berwald
extended the notion of Riemannian curvature to the realm of Finsler geometry, where it
continues to be of fundamental importance.

The Riemannian curvature of a Finsler space is defined as a family of linear transformations
acting on the tangent space at a point. Specifically, the Riemann curvature R,: TeM — T, M

is defined by R, (u) = iR} (x, ) (')uj/aui’ u= (')uj/aui, where

. _ agl/ Kk aZgi k aZgi agl/ agk/
Rjy) =277 [axi =Y sy Y26 550 = Joxk [ oxi @
The flag curvature K at a point x is a function defined on a tangent plane P € T, M and a non-

zero vector y € P, which measures the curvature of the Finsler space in the direction of y
within the plane P. It is denoted by K = K(x,y, P) and defined as follows [4]:

_ gy( :Ry(u)!u)
K(X, Y, P) - gy(y,y)gy(u,u)—[gy(J’:u)]z ’

3)

where u € P is chosen such that P = span{y,u}. If K(x,y,P) = K(x,y), and g,, denotes the
fundamental tensor of the Finsler metric at y.

According to Schur’s Lemma, in dimension dim(M’) > 3, then K = constant, isotropic flag
curvature implies constant flag curvature. There exist many non-Riemannian, projectively flat
Finsler metrics with constant flag curvature. Examples include the Funk metric and the Hilbert
metric [4], which are both projectively flat and have constant flag curvature on strongly convex
domains.

These observations motivate the study of constant flag curvature in various classes of Finsler
metrics. In this work, we investigate the conformal Matsumoto-Randers change of a Finsler
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metric, examining the conditions under which such a metric reduces constant or scalar flag
curvature.

2. Projectively flatness with conformal change of Matsumoto Randers transformation of m™
-root metric

A Finsler metric F = F(x, y), defined on an open subset V < R", is projectively flat if and

R _ 1
only if it satisfies [F] xkyzyk = [F] .. For m™-root metric F = Cm, we have used the
following notations

ac ac 9%’C

—_ L= — k ___ 9%
Cl - ayi! xt — axil COl - kayly - axkyly

Differentiating equation (1) with respect to x, we obtain

F ._L[Ci_lc ) 2, _ (1—1) R _ = o 20 .

i = 1 7 m xi mC'mﬁxl 2C\m Cxlﬁ chmﬁﬁxl Smﬁ ﬂxl +
m(Cﬁ—B>
3 1

mCmg,i — 2mCmp20, +mpo,| Q)

Differentiating equation (2) with respect to y* and then multiplying the result by y* yields

— e

. 4 3 4 3
Friyiy'= (2= 1) 2 C1Co — = O ? By Co + Cn oGy — BC ™ CoCy +

1
m(Cﬁ—ﬁ>
1_1 1_5 i i 2 1_2 2
4Cn™1C, By — 4BCn™ By + 2mCmfoy — 2mBCinfo — 2 (= — 1) Cn?CCop+2 (= -

24

2., 3.4 34 2,
1) Cm *CCoB? — 2Cm™ ' Cop + 2Cm™ " B2Cop — 2Cm  Cofy+2Cm™ ' Co 181 —
2 1 2 1 2
2Cm™ ' C BBy + 2Cm ' CB%By — 2mCmPBy By + 2mCmPB BBy — 2mCmPB Py, —
2 1 1 1
2mCmpB By +2mCmPB? By, — 6mPBCmP Py + 6mP2p By — 3mP>CmPy; + 3mP>Py; +
4 3 2 1 2
3Cm 1C00-3Cm 1 BC0y — 2Cm (B2 0y + 2B3Cm Coy — 4mCmPBRo, +
1 1 4 3 3
4mpB2Cmpyoo + 2mBCmpioy — 2mB2 10y + = Cm 2 CoCy — 2B,Cm ™" Cot4CmBoCy —
2 3 2 2 2
4mCmBoBy — = Cn 2CCoPB + 4BBCICOC ™" + 4CoBBCm ™t — 4Cm ' BBoC, +
1 1 4 3 2
4mpBBoBC,Cm — 6B%BoCm ' Cy + 6mBB%Py + 2Cm '0yC, — 2B Cmay — 4Cm ™ C %0 +
1 1
4mpB,CmB2oy-2Cm ' Cf%ay — 2mP2aypBy). 3)

Now, if we consider F to be a projectively flat Finsler metric, then it must satisfy the
condition [F] xiylyi — [F],: = 0. In view of equations (2) and (3), this condition becomes
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3 4_ 3 573 2 4
2CoCy+ (2= 1) e Coly — € ? (2 0o +2(2 = 1) GG + = CiCoB) +

3 2
Cm(2ZmpPo; + 4PoC, — 20100 — 2mPy; + mPoy)-Cm(2ZmpB By + 2mPBof; + 2mpP Lo, +

4

AmpBP,oy + 4mPef, — 4mP By — 2mp2a1) +Cm (CoC, + 5C100 — C 1) —

3
Cm™ Y (BCoCy — 4C, By + 2CqiB + 2Cofy + 3BC105 — BC,1 + 28,Co — 2C, 1) —

2
Cm  (4BC,By — 2B Co; — 2Cofif + 2C, BBy + 2Ci %00 — 4BBCo —4Co By + 4BBoC, +

2 1
4C,f200 — 6B2BoCC, + 2C,uB?) + Cm 2 (2(= — 1CCB?) + Cri (26,5280 + 263Cr00 —
1
2C,B%0y) + Cm(2mBPiBy + 2mPB? By, — 6mPBPBo — 3mP2Po; + 4mB2Piay + 2mP o,y +
4

4mpPoBC, + AmpBi %oy — 2mP2P1 + 3mPB2B,. — 2mP3o,1 — mP?o,1) + Cm(—mo 1) +

(6mpB*BBo + 3mpB>Bo, — 2mpB* 0o + 6mB,S* By — 2mpPZaof — 3mB3B + mBio,) =
0 4)

To evaluate the above equation, we proceed by applying the relevant lemma.

1
Lemma 2.1: [12] Let F = Cm (m > 2), be an m"™ -root Finsler metric on an open subset

5 4 3 2 1
V © R™. Suppose that the equation PCm~ " + QCm " + RCm ' + SCm " + TCm " + U =0
wherer =0,1,2,3,4,5,...and P,Q, R, S, T and U are homogeneous polynomials in y. Then
P=Q=R=S=T=U=0.

Using lemma (2.1), the equation (4) reduces to

20+ (2-1) Gl = 0, (5)
2BCiCo+2 (2= 1) CoCiff +=CiCoff = 0, 6)
2mpPy; + 4o C; — 2Bbjog — 2mpB1 + mPo . = 0, (7)
2mBPo; + 2mPob; + 2mpP Ry +4mpb oy + 4mpPyb, — 4mpBR,1 — 2mp?o,. = 0, (8)
CoCi+ 5Ci00 — Co = 0, )
BCoCy— 4C,Bo + 2Ciof8 + 2Coby +3BC100 — BCu + 2b,Co — 2C, 4 =0, (10)
4BCBo — 2B?*Cop — 2CobyB + 2C,BBo + 2C, %09 — 4b B Co — 4Cofby + 4B BoC, +

4C, B0, + 2C1B% = 0, (11)
2(= = 1)C,6o?=0, (12)
2C,8%Bo + 2°C00 — 682 BoC, — 2C,3%0 = 0, (13)
2mBb,fy + 2mpB? By — 6mpBbh Sy — 3mpB?Po; + 4mpB2b,oy + 2mpBhoy + 4mbBofC; +
4mb, B0y — 2mP2B.1 + 3mB2B.. — B2mPB3c,. —mpP?o,. =0, (14)
mo =0, (15)

6mpB2b, By + 3mpB3By, — 2mpP2bioy + 6mb %Ry — 2mpP2ayb; — 3mpB3P,. + mPp304 =
0, (16)
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By (10), (11), (13) and (14) we get
blCO + IBOCI =0 (17)

In view of equation (12) we have Cy = 0 as C; # 0. From equation (17) and C, = 0 it follows
that B, = 0. Taking partial derivative of f, = 0, we get

Por + B, = 0. (18)

From equation (15), we have o,; = 0 i.e. gy = 0. Again from equation (16) and g, = 0,
we have obtain S, + ,: = 0. By considering (18), we get 5,1 = 0, which implies
b; =constant. Then we have

1 — —
Theorem: Let F = Cm be m™ -root Finsler metric and F = F(x, y) be the conformal
Matsumoto Randers change of F. Then F to be projectively flat if and only if 8,1 = 0,
b; =constant and the change is homothetic.

3. Locally Dually flatness with conformal change of Matsumoto Randers transformation of
m™ -root metric
A Finsler metric F = F(x,y) defined on an open subset U € R™, is said to be locally
dually flat if and only if it satisfies the following condition [4]:
[?Z]xiylyi - Z[fz]xz =0

Using equation (1), we obtain:

— 3 2 3

[F2] =[x cmic, - —ca‘lﬁc —2emiep? + 20w 30, — 34%0,Cn —
e :

2 4 5
Cn(362; — f20;) + Cm(2p; + Boy) + Crioy — B*B; — f°0i (19)
Differentiating equation (19) with respect to y* and then contracting the result with y*, we
obtain
(72 iy1y' = (-

- )4

) C?BCoC, — Cri (L + o BiCo+ 22 Cio 1 BCL00 + o (= 1) BCC)| -
i (= 2) o082} s = Ci (L iCo + 2 o+ (9+2) B2auCy + 2 o) +
e (e =) Bocot) + €7 {7 au = o (9= ) oo+ 82800} -
A P O A A
C%{O'Oﬁl + 2BBo; — 12B,B;} + C%{6O'Oﬁl — 9B27F=6B B, B, — IB*Bor} +

C%_l {% CB* By + %[;5005'1} + C%{6ﬁ3,801 =3} +{B°Bor — 2B*BoB1 — B>Lio0}  (20)

(-5-1) Cm 2oy + 2 Cn T (5Ci00 + Cop) (&-
(2

If F is a locally dually flat Finsler metric, then it satisfies the condition
[Fz]xkylyk - Z[Fz]xl = O
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From this equation, we obtain

cm? (22— —) BCoC— Cn (2 BiCo +22C0 + 1—136100 L(E-1)peoc—2c -
Zpe)} - cn (-2 coe } C%‘l{ BBICo+ = Cor+ (9 +2) F2aoCy +
nBoBC+ 2 02C = ) + O (5 = 1) BoCoCi) + € {7 Cor = 12 o1 +
(9-2)B2aeC + Eﬁzﬁocl - Ecl,m ~Lpre) - on (2 (2 1) prcye) -

CnHZ CouB* + 2 B3BoCy + L By, — 2 BB Co + 2 A0} — CrlonBy + 2B —
1260fs — 65200 + (48, + 25700} + Cn{60u, — 9B 0By — 66 fofs — 96*For —

680, + (6828, — 2%} + Cr {2 BBy + 2 B50yC,} Cm{682Bor — 3PoBif? +

15830, — (653[351 - 2[34001)} + C%{5ﬁ35051 — 4B*Bor + Brao B + (2B, +

2B%a)} + C%{Zﬁol + Bioo(4B,2B0,) + —20, 8} — 201(3% +{B>Bor — 2B*BoBi — B>Pioo —
2B°B; — 2%} =0 (21)

To evaluate the above equation, we proceed by applying the relevant lemma.

1
Lemma 3.1: [12] Let F = Cm (m > 2), be an m' -root Finsler metrlc on an open subset V C

R™. Suppose that the equation PCm + QCﬁ_r + RCE_T + SC__T + TC__T + U = 0 where
r=20,1,23,4,5,..and P,Q,R,S,T and U are homogeneous polynomials in y. Then P =
Q=R=S=T=U-=0.

Using lemma (3.1) in equation (21), it reduces to

B(=-=)CCi=0, (22)
—~(5C100 + Cor — 2C;) = 0, (23)
(-3)pcci-o o
2 Cov + = BiCo+oe Cifio + - BCi00 + = (= = 1) BCoCr — 2.6, — 2 BCi=0 (25)
(35 -2)coCiB? =0, (26)
ZBBiCo + = Cor + (9+2) B200Cr + = BoiCy + = f2CL — = C* = 0, @27)
(-2)BeCoCi =0, @%
2 Cor = = Co?B1+ (9 = =) B300Cy + = B2BoCy - = C° — = B3¢, = 0, (29)

) <3°>
2 ColB*+= B3BoCy + — B*00C1 — = BifCo + = B*C, = 0, (31)
0oy + 2B B — 12,8, — 680y + (4B, + 2870,)=0, (32)
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60081 — 9B*0oB1 — 6B oL — IB*Bor — 6801 + (682 By — 2B°0,)=0, (33)
2 CB*Bo + = 30,0, (34)
65%Bor — 3PoPiB? + 150 — (68° 1 — 2% 01)=0, (35)
5B°BoBr — 4B*Bor + B0y + (25*B1 + 28°01)=0, (36)
280, + Bi0o-(4B1 + 2B)+20,8 = 0, (37)
20,1 =0, (38)
B°Bor = 2B*BoPr — B*Proo — BBt = 0. (39)

Since C; # 0, therefore from equations (22), (24), (26) and (30) gives Cy = 0, Then from
equation (28) we get B, = 0. Taking partial derivative of f, = 0, we have obtained

Bor + B, = 0. (40)

From equations (22), (23), (24) and (25), we obtain g, = 0. Again from equation (39) and
using oo = 0, we have Sy, + f,. = 0. By considering (40), we get B,. = 0, which implies
b; =constant. Then we have

1 — —
Theorem: Let F = Cm be m™ -root Finsler metric and F = F(x, y) be the conformal
Matsumoto Randers change of F. Then F to be locally dually flat if and only if 8,1 = 0,
b; =constant and the change is homothetic.

4. Constant flag Curvature in conformal change of Matsumoto Randers transformation of
m™ -root metric
In this section, we have derived the condition under which the transformed Finsler metric

is projectively flat with constant flag curvature. The scalar flag curvature K of a projectively
flat Finsler metric F is given by K = F~2 (PZ — Pxiyi), where P is the projective factor,
defined as [4]

P=-i, (41)

From equation (1), we have

. o 3 2 2 1
[Frrly! = ——|Cn™"Co + 2mCinfy — 2Cn™" Coff — 2mCmpB o — 3mp2po +
m(Cﬁ—B>
3 1
mCmoy, — 2mCmB2o, + m,BZUO], (42)

Irreducibility of C and deg(C,i) = m — 1 gives us that there exists a one form 6 = 0;(x)y*
such that C, = mOC. Then above equation can be written as

. o 3 2 2 1 3
[Frerly! = ——|m0Cn + 2mCinpy — 2CmmOp — 2mCmf o — 3mp?Fo + mCricy —
m(Cﬁ—B>
1
2mCmpBlo, + mﬁzao]. (43)
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By considering equation (41), the projective factor of the transformed Finsler metric F is given

by
= 1 3 2 2 1 3
P = ———|mOC + 2mCmf, — 2CmmOF — 2mCmp s — 3mp?o + mCrmay —
2<cﬁ—ﬁ>
1
2mCmB?a, + m,[?zao]. (44)

Now, differentiating above equation with respect to x*, we have obtained

= 1 4 i—l i—l 3 1_1
Py = ———|mB,.Cn +3Cn'Cuf + 4CH " Cuffy + 2mCinfyi — 4CH " Camppo —
2<cﬁ—ﬁ>
3 2 2 4 2 3 1 5

2Cm0 B — 2mOCmP, i — 2Cm 'C ifof — 2mCmP By — 2mCmPBy i — 3mCmpB,if? —

1 4 4 2 2
6mBCmp.ifo + mCmayi +3Cm ' C gy — 2mCma, if? — 2Cm ' C i00f? —

2 1 1 3 3 2
AmBCmP,ioy + 2mBCmP,icy + mCmay, ifZ —mBO,iCm — 3Cm ' Cif6 — 4Cm By —

2 2 2 1 1
2mBCmP, i + 4mOBACm B i + 2mB20 iCm + 2fmOP,iCm + 22 CiCm " +

1 1 3 3
2mBCmP By + 2mB2 By iCm + 3mP3 By i + 6mp2B i By — mBCma, i — 3FCm C gy +

3 3 1
3m By, > + 6mB2B,,ifo — MBPy,iCm — 3BCH 'C i0y + 2mB3Cma, i +
1 1 4 3
2mB3Cm 0y C i + 4mPB2Cmaof,i — 2mp2aef,i — mP3a,,i — OCm ' Coi + mOCm B —
1 1 3 2 2 1
2Cm ' BoC i + 2mCmBoPi + 20BCm ™ C i — 2mBOCH B + 2Cm  BoC,i — 2mCm B —
1 1 1 4 3
CmBoC i+ 3B2Cm ' ByC i — 3mCm By Bif% — Cm '0oC i + mCmayfi +
2 1 1

27 Cin" GoC.pi + 2mB2Coofi — B2CT ' 0oC i — mB0of - (45)

Which by multiplying it with y¢, we get

1 1_1 1_1 3
——— (€1 (20C, + 2Co00) + Cn* (208Co — (4 + 2 ) mOBCo — 6Co00f +
2<cﬁ—ﬁ>

2 1
4BoCo) + Cn* (4mBCo? = 2Cofo) + Cim

P0=

3
“H(4BoCoB? + 20, Co) + Cm(—3mbop +
2
2mpoo — 2mPogy + maogfy + mbpfy) + CE(—Zmﬁzaoo — 4mpBPoo + 2mBoB* — 4BoB —

6mpBPocy — 2mPo” — 2m6py) + Cm(—mp>Boo — 4mBPo® + 2mPaefBy + 6mp2oefo +
mB?Boy + 2mB3 000 + 286 + 2mBe? — 2mBPoCo) + MBCrm + (3mpB® + 6mB2B,7 +
3mpB>Bog + 6mP2By” — 2mP2Pooy — mP3ge — MB2By0y)]. (46)
Suppose F is of constant flag curvature, then

K(x,y)F?+ P, — P?2 =0, 47)

Putting the values of K, F, P, and P2, we have
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2 4 3
K(x’ y){(;i_ﬁ) + ﬁ)ed'(x)}z_’_# [65_1(4‘9(:0 + 4‘C00-0) + Cﬁ_l (4‘0[;C0 - 2 (4‘ +
4l cm-p

2 1
2 )Y mOBCo — 6Co0eff + 4BoCo) + Cin ' (BMOCLS? — 4Coffo) + C ' (8BoCoff® +
3
4B3064C,) + Cm(—3mByB + 2mPBoy — 2mB oy, + magfy + mOB, + 2m2p208, —
2
16m*B?Byo, + 2°m? 0% + 2m?*B?00, — 8m2,8ﬁ’02) + Cm(—2mpB2ayy — 4mPPoo +
2mB,B? — 4BoB — 6mPPogy — 2mpPy” — 2mbp, + 4m?pto?, — 8m?p2R%  +
1

12m? B3 6B, + 8m?30 g, — 4m?B3 Oa, + 12m2B3 0o, + Cm(—mpP2Boo — 4mBP,y° +
2mPBay By + 6mB20yfy + 3MmB2Poo + 2mPB30ye + 280y + 2mPBy* — 2mP R, Co +
12m2B3B,* — 4m?B*0,% — 4m2B30,B, + 12m2,8400ﬁ0) + (mHO + 4m2B,* +

4
2m292ﬁ2 - 4m29ﬁﬁo - 4‘m2320-0 - 4‘m29ﬁﬁo - 4‘m2ﬁ290-0 - 4m2ﬁﬁ00'0)cﬁ +

6 5

Cm(m?6? + 20m?0y + m?0,2) + Cm(4m?0B, — m?0%B + 2m? B0, — 4 0,0m?) +
(9m?B*By% + m2Bra,? — 6m2BraeBy + 6mp2By° + 3mpP>Poo + 6mMP2B,° —
Zmﬁzﬁoo'o - m,830'00 - mﬁzﬁoao)]- (48)

1
Lemma 4.1: [12] Let F = Cm (m > 2), be an m'" -root Finsler metric on an open subset V

5 4 3 2 1
R™. Suppose that the equation PCm ' + QCm ' + RCm ' + SCm™" + TCm " + U = 0 where
r=20,1,23,4,5,..and P,Q,R,S,T and U are homogeneous polynomials in y. Then P =
Q=R=S5S=T=U=0.
Using Lemma 4.1, we have K = 0 and the following conditions

6Cy + 4Co0, = 0, (49)
465Co — 2 (4 + 2 ) mBFCo — 6Co00f8 + 4BoCo = 0, (50)
(8MBOC,B% — 4CyfBy) = 0, (51)
(8B CoB? + 4B%0,Cy) = 0, (52)
2mfoo — 3mByB — 2mPoyy + Moy + mOBy + 2m2B208, — 16m?p% By, +
2p*m? (0%, + 2m?B200, — 8m?BB," = 0, (53)

(Zm‘goﬁz — 2mfB%0ge — AmPBLoo — 4BoB — 6mB Py — 2mpPy’ — 2mh P, + 4m?B*a?, —
8m?B*p% + 12m?B> 6B, + 8m?*B30 g, — 4m?B* 0oy + 12m?B3 00Bo) =0, (59

(m8y + 4m?By° + 2m?0%82 — 4m20B B, — 4m?B2ay — 4m?6f B, — 4m?B20a, —

4m2ﬁﬁ00'0) = 0, (55)
(m?26? + 20m?a, + m?0,%) =0, (56)
(4m?6B, — m?62p + 2m?By0, — 4 5,0fm?) = 0, (57)

IM2B*By* + m2pta,? — 6m2pta, By + 6mB2B,% + 3mp3Pog + 6mp2Py° — 2mpP2 By, —
mﬁ3000 - mﬁzﬁo% = 0. (58)

Thus, we conclude that

VOLUME 9 ISSUE 7 2025 PAGE NO: 86


https://doi.org/10.71058/jodac.v9i7006

JOURNAL OF DOI: https://doi.org/10.71058/jodac.v9i7006

DYNAMICS AND CONTROL

Theorem: Let F = F(x,y) be the conformal Matsumoto-Randers change of an m™ -root

1 —
Finsler metric F = Cm (m > 4 and C is irreducible. Suppose F is projectively flat with
constant flag curvature. Then F necessarily has vanishing flag curvature K = 0 , and satisfies
the conditions (49)—(58) .

Applications

In this section we have given some fruitful applications and future scope of our research
paper. Dually flat Finsler metrics, such as those investigated in this paper, play a central role
in information geometry, a field closely connected to statistical inference, machine learning,
and signal processing. The characterization of projectively and dually flat structures enhances
our understanding of geodesic flows, which is fundamental in optimizing information-theoretic
learning algorithms.

The study of m™ —root Finsler metrics, particularly under conformal Matsumoto-Randers
transformations, has significant implications for modeling spacetime geometries in non-
Riemannian generalizations of Einstein’s relativity. The results on projective flatness and flag
curvature contribute to a deeper understanding of spacetime anisotropies, with potential
applications in cosmology and unified field theories.

Moreover, the paper addresses the Finslerian analogue of Hilbert’s Fourth Problem by
characterizing metrics whose geodesics are straight lines (projectively flat). These findings
have practical applications in geometric modeling and computational geometry.

The explicit conditions and theorems established in this work provide a solid foundation for

o Constructing new classes of Finsler spaces,

o Investigating additional conformal and projective transformations, and

e Applying these geometrical models in modern mathematical physics, particularly in
anisotropic diffusion processes and energy-minimizing path analyses.
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