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Abstract: Picture fuzzy set is an extension of intuitionistic fuzzy set and fuzzy set and it is capable
to analyze the uncertain and vague information more effectively. It is applicable in situations where
human decisions claim more variety of responses like yes, no, abstain and refusal which cannot be
addressed in the traditional fuzzy set and intuitionistic fuzzy set. In this article, the arithmetic
operations such as scalar multiplication of a generalized trapezoidal and triangular picture fuzzy
numbers and the division and multiplication of two generalized trapezoidal and triangular picture
fuzzy numbers by (a,y,8) — cut method are discussed thoroughly. Finally, some numerical
examples are described to illustrate the proposed operations.
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1. Introduction

In 1965, Zadeh [30] proposed the notion of fuzzy set as an extension of the crisp set to deal with
imprecise and unclear information in ambiguous situations and it is effective and acceptable. Then
in 1986, Atanassov [1] introduced intuitionistic fuzzy set which is the generalization of fuzzy set
and characterized by a membership function as well as a non-membership function. Although
intuitionistic fuzzy sets have vast applications in many fields, it cannot provide all the information
in real life situation. For example, in the voting process, we can vote in favor of someone, abstain,
against someone and even refuse to cost the vote, which cannot be handled by intuitionistic fuzzy
sets. To tackle such type of situations, Cuong [7, 8] gave the idea of picture fuzzy set, which is
generalized structure of fuzzy set and intuitionistic fuzzy set and further examined their basic
properties and laws. In picture fuzzy set theory, positive, neutral and negative membership degrees
of each element belonging to set are considered. Therefore, the picture fuzzy set is an efficient
mathematical model to deal with uncertain real life problems, in which an intuitionistic fuzzy set
may fail to reveal satisfactory results. The concept of fuzzy numbers was introduced by Chang and
Zadeh [4] with some arithmetic operations. The arithmetic operations of fuzzy number are the
extensions of the operations of classical interval arithmetic operations which was introduced by
R.E. Moore [21]. Then a number of researchers studied the concept of fuzzy numbers with their
arithmetic operations [2, 6, 10, 11, 12, 27, 28, 29, 31]. The concept of intuitionistic fuzzy number
was proposed by Burillo [3]. Mahapatra and Roy [18] presented triangular intuitionistic fuzzy
number and used it for reliability evaluation. In 2010, they [19] also defined trapezoidal
intuitionistic fuzzy number and discussed its arithmetic operations based on (a, ) —cut method.
Later numerous works have been done on intuitionistic fuzzy number and applied in many
branches of science and engineering [ 16, 17, 20, 22, 23, 24, 25, 26]. Chakraborty et al. [5]
discussed arithmetic operation of intuitionistic fuzzy numbers thoroughly. P. Dutta. et al. [9]
discussed the operations on picture fuzzy numbers and applied in Multi-Criteria Group Decision
Making Problems. Hasan el al. [14, 15] discussed the arithmetic operations such as addition,
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subtraction and scalar multiplication of both generalized triangular and trapezoidal picture fuzzy
numbers with some applications.

In this article, the scalar multiplication of a generalized trapezoidal and triangular picture fuzzy
number and the division and multiplication of two generalized trapezoidal and triangular picture
fuzzy numbers by (a,y, ) — cut method are thoroughly discussed with some illustrations.

The article is organized as follows: In section 2, some basic definitions and operations are given
which are essential to rest of the paper. In section 3, the scalar multiplication of a generalized
trapezoidal and triangular picture fuzzy number and the division and multiplication of two
generalized trapezoidal and triangular picture fuzzy numbers by (a,y, ) — cut method are
discussed. In section 4, numerical examples are described to illustrate the proposed operations. In
section 5, the conclusion remark is given.

2. Preliminaries

Definition 2.1 ([30]). Let X be non-empty set. A fuzzy set A in X is given by
A= {(x,nua(x)):x € X},
where py: X - [0, 1].
Definition 2.2 ([1]). An intuitionistic fuzzy set A in X is given by
A ={(x, ua(x),va(x)): x € X},
where p : X — [0,1] and v4: X — [0, 1], with the condition 0 < p,(x) + v4(x) < 1;Vx € X.
The values u,(x) and v, (x) represent, respectively, the membership degree and non-membership
degree of the element x to the set A. For any intuitionistic fuzzy set A on the universal set X, for
x€X
ma(x) =1— (#A(x) + VA(x)):
is called the hesitancy degree (or intuitionistic fuzzy index) of an element x in A. It is the degree
of indeterminacy membership of the element x whether belonging to A or not. Obviously, 0 <
my(x) < 1forany x € X.
Particularly, my(x) = 1 — u,(x) — v4(x) is always valid for any fuzzy set A on the universal set
X.The set of all picture fuzzy sets in X will be denoted by PFS(X).
Definition 2.3 ([7,8]). A picture fuzzy set A on a universe of discourse X is of the form
A = {(x, ua (), 4 (%), va(x)): x € X},
where 4 (x) € [0, 1] is called the degree of positive membership of x in A, n,(x) € [0, 1] is called
the degree of neutral membership of x in A and v,(x) € [0, 1] is called the degree of negative
membership of x in A, and where p4(x),n4(x) and v, (x) satisfy the following condition:
0<pus,(x)+ na(x)+ vy(x) <1;Vx € X.
Here 1 — (uA(x) + na(x) + vA(x)); Vx € X is called the degree of refusal membership of x in A.
The set of all picture fuzzy sets in X will be denoted by PFS(X).
Definition 2.4 ([7,8]). Let A, B € PFS(X), then the subset, equality, the union, intersection and
complement are defined as follows:
i. ACBIffvx e X, us(x) < ug(x),na(x) <ng(x)and vy(x) = vg(x);
ii. A=BiffVx €X,pus(x) = up(x),na(x) = np(x) and v4(x) = vp(x);
iii. AUB = {(x, max(,uA(x), MB(x)),min(nA(x),nB(x)),min(vA(x),vB(x))):x € X};
iv. AnNB = {(x, min(,uA(x), ,uB(x)),min(nA(x),nB(x)),max(vA(x),vB(x))):x € X};
v. A= {(x, vA(x),r]A(x),uA(x)): X € X}.
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Definition 2.5. ([13]) Let A = {(x, s (x),n4(x),v4(x)) : x € X} be a picture fuzzy set on X
anda,y,B €[0,1], a+y + B < 1, then the upper (a,y, 8)-cut of A is given by
ACYB = {x € X: py(x) 2 a,na(x) 2y, va(x) < B}

Thatis, a,, = {x: ua(x) = a}, v, = {x: na(x) = y}and g, = {x: v4(x) < B} are upper a, y
and (- cut of positive membership, neutral membership and negative membership of a picture
fuzzy set A respectively.
Definition 2.6. ([14]) Let w,, w,, w5 € [0,1] with0 < w; + w, + w3 < 1. A generalized picture
fuzzy number (GPFN) p is a special picture fuzzy set of real numbers R whose membership
functions uz(x): R — [0, w,],175(x): R — [0, w,] and v;(x): R — [w3, 1] satisfy the following
conditions:

i. There exist at least three real numbers xq, x, and x3 such that 5 (x;) = w; , 15(xz) = w,

and v5(x3 ) = ws.

ii. up andn; are quasi concave and upper semi continuous on R.

iii. v Is quasi convex and lower semi continuous on R.

iv. The support of g is compact.
Definition 2.7.([14]) A generalized trapezoidal picture fuzzy number (GTraPFN) p =
((a,b,c,d); wq, w,, w3 ) is a special picture fuzzy set on R whose positive , neutral and negative
membership functions are defined as follows:

( 0 x<a ( 0 ix<a
wi(x-a) | wy(x-a) |
) ;a<x<b ) ;a<x<b
pp(x) =9 w1 ib<x<c : np(x) =1 w2 sb<x<c, wv;(x)=
©1(d—x) ;c<x<d ©p(d—%) ;e<x<d
(d—-c) (d—c)
\ 0 ;x>d . 0 x>d
( 1 ix < a
b—x+w3(x—a) ca<x<b
(b—a)
{ W3 ;b<x<c
x—c+wz(d—x) c<x<d
(d-c)
\ 1 ;x >d
The following Fig. 1 is the graphical representation of the GTraPFN:
1
L\
“@
w1 1
0 —~ %
: &
w3 —— ’XB
1\”9&
0 S|
a b C d

Fig. 1: Generalized TraPFN
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Definition 2.8.([15]) A generalized triangular picture fuzzy number (GTPFN)

p = ((a,b,c); w1, w,, w3 ) is a special picture fuzzy set on R whose positive, neutral and

negative membership functions are defined as follows:

( 0O ix<a 0 ix<a
wi(x-a) (wz(x—a) )
;a<x<b ——— ;a<x<bh
Hp() = { e IEIR W
p ") wilec—x) . vp w,(c—x) ) J
W ib<x<c —(C—b) ib<x<c
L\ 0 ;X >C 0 ;X >
( 1 ix < a
b—x+ -
*+ws(x—a) ;a<x<b
vx(x) =< (b-a)
p x—b+ ws(c—x) <y
(c—b) Sr=e
\ 1 X >C

The following Fig. 2 is the graphical representation of the GTPFN:

1
L\
“
wq J—
w2 2(%)
@3 i
0
a b C

Fia. 2: Generalized TPEN

Definition 2.9. ([14]) A GTraPFN A = ((a4, a,, as, a,); w1, w,, w5 ) is said to be monotonic

increasing if a; < a, < az < a,.

Definition 2.10. ([14,15]) A GTraPFN A = ((a4, a5, a3, a,); w4, w,, w3 ) is called positive if

a; >0, fori=1,234.

Definition 2.11. ([14,15]) A GTraPFN A = ((a4, a5, as, a,); w4, w,, w5 ) is called negative if

a; <0,fori =1,2,34.

Definition 2.12. ([14,15]) A GTraPFN A = ((a4, a,, as, a,); w4, w4, w3 ) is called partial if at

leastone a; < 0, fori = 1,2,3,4.

Definition 2.13. ([14]) Let A = ((a, b, ¢, d); w1, w5, w3 ) be a GTraPFN. Then the a —cut of 4 is

a crisp subset of X which is defined as follows:
A% = (x: pa(x) = @} = [A; (@), Ap(0)] = |a + S (b—a)d--(d- o) € [0, w,]
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Definition 2.14. ([14]) Let A =((a, b, c,d); w4, w5, w5 ) be a GTraPFN. Then the y —cut of A is
a crisp subset of X which is defined as follows:

A = (s 2 7} = [, 4] = [a+ Lo -a),d = L@ =)y €[0,0,]

Definition 2.15. ([14]) Let A = ((a, b, c,d); w,, w,, w5 ) be a GTraPFN. Then the B —cut of A is
a crisp subset of X which is defined as follows:

AP = (x: vy(x) < BY = [4,(B), A (p)] = [Fmefloe) FLEmatondOlip e [y, 1

1-w3

Definition 2.16. ([15])A Generalized Triangular Picture Fuzzy Number A=

((aq,a,, as); wq, w,, w3 ) is called positive if a; > 0, fori = 1,2,3.

Definition 2.17. ([15])A Generalized Triangular Picture Fuzzy Number A =

((aq,a,, a3); wq, w,, w3 ) is called negative if a; < 0, fori = 1,2,3.

Definition 2.18. ([15])A Generalized Triangular Picture Fuzzy Number A =

((aq,ay,a3); wq, w,, w3 ) is called partial if at least one a; < 0, fori = 1,2,3.

Definition 2.19. ([15])Let A = ((a, b, ¢); w1, w,, w5 ) be a GTPFN. Then the « —cut of A is a
crisp subset of R which is defined as follows:

“ = frpa () 2 0} = [41(@), 4, (@] = [a + 522 e - [0, @1].

Definition 2.20. ([15])Let A = ((a, b, ¢); w1, W4, w5 ) be a GTPFN. Then they —cutof Aisa
crisp subset of R which is defined as follows:

A = fama() 27} = [0, 40)] = [a + 522 c K22 1y € [0, 0],
Definition 2.21. ([15])Let A = ((a, b, ¢); w1, W, w5 ) be a GTPFN Thenthe § —cutof Aisa
crisp subset of R which is defined as follows:

AP = vy () < B = [44(B), A,(B)] = [(oeflme) Beobloscd) g gy, 1),

1-ws3 1-ws3
Definition 2.22. ([14]) Let A = ((a, b, c,d); w,, w,, w3 ) be a GTraPFN. Then the (a,y, ) —cut
of A is given by

a(c— b)]

ACYB = {[A (), A ()], [A1 (), A2 (D], [A1(B), A2 ()1}
O0<a+y+pf<1,a€[0,wq], ¥y €[0,w,], B € [w3,1].
Definition 2.23. ([14]) Let A and B be two GTraPFNs and their corresponding (a, y, 8) —cuts are
A@rB) = {[41(a), A2 ()], [4: (1), 4, (1], [4:1(B), A (D)1}
B@YB) = {[B;(a), B,(a)], [B1(¥), B()], [B1(B), B.(B)]}

forany a,y,B € [0,1] and 0 < a +y + B < 1, then the four basic arithmetic operations such as
addition, subtraction, multiplication and division are defined as follows:
Addition:
(A +B) P = {[41(a) + B1(a), A2 (@) + B2 ()], [A (1) + By (1), A2(¥) + B2 (1)), [A1(B)
+ B1(B), A2(B) + B, (B)1}
Subtraction:

Alay.B) _pg(ay.B)

= {[41(a) — B(a),Az(a) — By ()], [41(y) — B2(¥), A2(¥) — B:(¥)], [41(B)
— B2(B), A2(B) — B1(B)]}
Multiplication:

A@VB) x By ) = {[minM% maxM?®], [minM?, maxM"], [minM#, maxMP*|}
where M* = {A;(a). B,(a),A;(a). By(a),Az(a). By (a), Az (a). By(a)}

MY = {A,(y).B1(¥), A1 (¥).B2(¥), A2 (¥). B1 (), A, (¥). B (¥) }

MP = {A;(B).B1(B), A1 (B). B2(B), A (B). B1(B), A2 (B). B, (B)}
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Division:
Al@rp) - playf) = {[minD“,maxD“], [minDY, maxDY], [minDﬁ,maxDﬁ]}
where D% = {Al(a) Ai(a) Ay(a) Az(“)} Yy — {A1(V) A1(y) Ax(y) AZ(Y)} and

Bi(a)’ By(a)’ Bi(a) ' By () B1(¥)’ B2(¥)’ B1(y) ' B2(¥)
DB = {A1(,3) A1(B) Ax(B) Az(ﬁ)}

B1(B)’ B2(B)’ B1(B)’ B2(B)
where B;(a) # 0,B;(y) # 0,B;(B) # 0;i = 1,2.

3. Arithmetic Operations of GPFNs by (a, y, B) — cut Method

Proposition 3.1: Scalar multiplication of a generalized trapezoidal picture fuzzy number is also a
generalized trapezoidal picture fuzzy number.
Proof: Let A = ((aq, a,, az, a,); wq, w,, w3) be a GTraPFN. For any scalar k , the scalar
multiplication of 4 is given as C(®V#) = kA@VB) where C* = [C,(a) , C,(a)], CY =
[C.(¥), C2(¥)] and CF = [C1(B) , C2(B)], where @ € [0, ], ¥ € [0, w,] and B € [w;, 1].
Case-1:When k > 0
C* =[C1(a), Cy(a)]
= k[A1(a),Az(a)]
= [kA;(a) , kA,(a)]
= [kal +k—=(a, —ay)  ka, — k—(a, — a3)]
w1 w1

Let, ka; + k— (a, —a;) < z < ka, — k—(a, — as)

w1 w1
Now, ka, + kwil(a2 —a)) <z

a

>k—(a,—ay) <z—ka
w1

= ak(az - al) < (Ul(Z - kal)

(z—ka,)

k(az-aq)

S>a<w

(z—kaq)
Leta :ué(z) = wl (kflz-ijll)

4 rey=2, Fk _ o d. —_ @1 q_
Now, dz ‘uC(Z) T dz W1 (kay—kaq) - (kay—kaq) dz (Z kal) o (kaz—kaq) (1 0)

>0;ifka, > ka,

— @1
- (kaz—kal)
Therefore, uk(z) is an increasing function.

Also pk(kay) = w1% =0, ut(kay) = wl% = w, and pk (@) > % .
Again, ka, — kwil(a4 —az) >z

= ka4—kwi1(a4—a3) >z

= —kwil(a4 —az) = (z—kay)

:>kwi1(a4—a3) < (ka, — z)

(ka,—z)

Saw
=1 k(as—a3)
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Let, ,u’g(z) = w, %

NOW’ e (@ =g o (:EZ;M;Z) - (ka4 ka3) dz & (kay —2) = m 0-1

= m< O Ifka4 > kas

Therefore, u&(z) is a decreasing function.

Also, uR(ka,) = w1% =0, puk(kas) = a)1% = w; and uR (M) < %

So the positive membership function of C = kA is

( (Z—kal) . < <
1 Gearran ka, <z < ka,
w4 ; ka, <z < kaj

.U'C(Z) = < (ka4—z)
1 (kas—kas)
\ 0 ; otherwise

Similarly, we can find the neutral membership function.

;ka3SZSka4

( (z—kay) <
—_ = . VA <
2 Gear—kay) ka; <z < ka,
wWo ; kaz <z< ka3

T]C(Z) = < (ka,—7)

2 (kay—kasz)

. 0 ; otherwise

Now, for the negative membership function
F=10(8),C(B)]

= k[A1(B),A2(B)]

= [kA1(B) , kA;(B)]
[k (az-ws3aq.)-P(az—aq) kﬁ(a4 az)—(w3a,— a3)]

; kas <z < kay

1-w3 1-w3
Let, k(az w3aq,)—pF(az—aq) <z< kﬁ(aat az)—(wzas—as)
1- —Ww3 1— —w3
Now, k(az wzaq)—f(az— a1)
1-— w3
(1-w3)z

= (a —wzay) —Bla; —ay) < .
(1—w3)z
= —f(a; —a;) < = — (az — w3ay)
(1-w3)z (az-wsa,)
> — < —
b= k(az-aq) (az-aq)
>8> (az-wza;)  (1-w3)z

(az-aq) k(az-aq)
k(az-wsza,)—-(1-w3)z

= >
b= k(az-aq)

- e e <
Let, vg(z) e R

( ) d k(az ((;)czzl)kcfll) wr - (kaz ka,) dz {k(az
= o ){0 (1 w3)} = — = < 0 if ka, > kay
Therefore, v4(z) is a deceasing function.

NOW w3a;) — (1 - w3)z}
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A|SO, vé(kaz) _ k(a;—wzaq)—-(1-w3)ka, _ ka,—wszkai—ka,+wszka, _ —wzkai+wszka,
(kay—kaq) (kay—kaq) (kay—ka,)
_ wz(kaz—kai) _
" (kag—ka;) 3
vé(kal) _ k(a,—wzaq)—(1-w3)kaq _ ka,—-wszka;—ka;+wzkaq _ (kay—kaq) _
(kay—kaq) (kay—kaq) (kay—ka,)

ka,+k 1+
and vé( = al) <! 2“’3) .

k plas—az)—(wzas—as) >z
1—(1)3

Again,

(1-w3)z

= B(ay —az) — (w3a, —az) =

= p(a, —az) = (1_,(:3)2 + (w3a, — az)

e

= B = 3k(a4—a2)4 ;

N (1—w3()kz;k_(:::;4—a3) <R

Let, v¢ (2) = (1_0)3():; k_(:assras)

Now, %v? (z) = %(1_w3()](z;]€_(£’;36;4_a3) = (ka;kas)%{(l —w3)z + k(wsa, — az)}
=m{(1—w3)+0}=%>0;ifka4>ka3

Therefore, v&(z) is an increasing function.

Al k) = ot e = ™
T (kagkay) 3

k) = e o = G = |

and Vg (kag-;ka4) > (1+2(L)3) .

So the negative membership function of C = kA is

k(a,—wza1)—(1-w3)z
(az-wza;)—( 3) s kay < z < ka,
(kay—kaq)

w3 ; ka, <z < kas
a w3()kz;k_(z);;4 a2) ; kas <z < ka,
1 ; otherwise
Case-2: Whenk <0
C* =[C1(a), Cy(a)]
= k[A;(a) ,A;(a)]
= [kA;(a) , kA, (a)]

= [ka4—k{%(a4—a3),ka1 +kwi1(a2 —al)]

ve(2) =

Let, ka, —kwi(a4 —az) <z< ka, +kwi(a2 —a,y)
1 1
Now, ka, — kwi(a4 —a3)<z
1

=>—kwi(a4—a3) SZ—ka4
1
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= wi(ka?, - ka4) < Z — ka4_
1
(z—kay)

Sa= o (kaz—kay,)
(z—kas)
= ¥ (kaz—kay)
Let, ut(z) = w (z-kay)
e 1 (ka3—ka )
_a (Z—ka4,) _ w1 & _ _
NOW —MC(Z) W1 (kaz— ka4) (kaz—kay) dz (Z ka4) - ka 4) (1 0)

m>0 Ifka3 > kay,

Therefore, uk(z) is an increasing function.

(kas—kay)
Also p¢(kay) = w1ﬁ =0, up(kaz) = w

Again, ka; + kwi(az —a;) >z
1

(ka3 —ka4)

_ L ka4+ka3) w1
1 ek — ©1 and p¢ (— > —,

2 2

:kwi(az—al) >z—ka,y

1

= _kwi(az —ay) < (ka; — 2)
1

= wi(kal —ka,) < (ka; — z)
' (kay—2)

w ——————
L (ka;—kay)
(ka,-z)

L (kay—kap) =
(ka;-2)
Let, ug (2) = w, —(ka11 o

(ka,-z) _
W1 (kai—kay) (ka1 kaz) dz (kal Z)
21 (0—1)=—L<0,|fka1 > ka,

- (kay—kaz) (kay—kay)
Therefore, u&(z) is a decreasing function.

R _ (kay—kaq) R _ (kai—kay) ka,+ka, W
Also, u¢ (ka,) = w; (kaskay) = 0, u¢ (kay) = wy (kay—kay — @1 and uR (—2 ) <

So the positive membership function of C = kA is

( (z—kay)
—— . <z<
\ G kay) ka, <z < ka,

w ; kas < z<ka
@ =9 lhan 3 2
L ; kay, <z < kay

S a<

> w

d
N0W1 EHC (Z)

L (kay—kay)
\ 0 ; otherwise
Similarly, we can find the neutral membership function.
( (Z—ka4) .
2 Geankay ka, <z < ka,

w ; kas <z <ka
r]C(Z) = < (zkal—Z) 3 2
zm ; kaz <z< kal
C 0 ; otherwise
Now, for the negative membership function

CF =[C(B), C, ()]
= k[A1(B) , A2(B)]
= [kA;(B) , kA1 (B)]
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— [k Blas—az)—(wsas—as) k(az awsz)-p(a— ‘11)]

1-w3 1-w3
Let, k'B(a4 az)—(wzas—asz) <z< k(az aiwz)-p(az—aq)
1— w3 1— w3
NOW, k.b)(azl- az)—(wzas—as) <z
1—(1)3

= k{f(a, — a3) — (wza, —a3)} < z(1 — w3)

= —k{f(as — az) — (w3a, — az)} = —z(1 — w3)
= —kf(a, — az) + k(wza, —az) = —z(1 — w;3)
= —kf(ay —az) =2 —z(1 — w3) — k(wsa, — az)

= kB(az — ay) = —z(1 — w3) — k(wsa, — asz)
-(1-w3)z—k(wza,—az)

= B - (ka3—ka4)

-(1-w3)z—k(wzas—az)
= (kag—ka4) S ﬁ

L _ —(1-w3)z—k(wzas—a3)
Let VC(Z) - (ka3 ka4)
(1 (IJ3)Z k(a)3a4 a3) _ 3
Now. VC(Z) dz (kaz—ka,) (ka3 ka )dz{ (1 - w3)z — k(wsa, — az)}
— — (1-w3)

(ka3 ka )( (1 (1)3) O) - (kag_ka4_) < 0 ’ If ka3 > ka4_

Therefore, v&(z) is a deceasing function.
L _ —(1-w3)kas—k(wsas—az) _ —kaz+wzkaz—kwsas+kas _ wzkaz—kwzas _
Also, v¢ (kas) = (kas—kas) = (kay—kaz) = ey = s
L(ka ) _ _(1—(4)3)ka4,_k((l)3a4—a3) _ _ka4+0)3ka4_—k0)3a4+ka3 _ —ka4+ka3 _ (ka3_ka4) _ 1
Ve 4/ = (kaz—kay) - (kaz—kay) - (kas—kag) = (kas—kay) =
and v: (ka3+ka") )
e

Again,
k (az—a;ws3)—p(az—-a,) >z

o k(@ — aywa) — Blay — )} = 21— w3)

= —k{(a; — a;w3) — B(a; —ay)} < —z(1 — w3)
= —k(a, — ayws3) + B(ka, — ka,) < —z(1 — w3)
=> —B(ka; — ka,) < —z(1 — w3) + k(a, — ayws3)

—z(1-w3)+k(az—aiw3)

(kai—kay)
z(1-w3)—k(az-a,w3)
= b= (ka—kay)
z(1-w3)—k(az—a,w3) < ﬁ
(kai—kay)
R _ z(1-w3)-k(az-a,w3)
Let, vC (2) = ea—kay)
a d Z(l (1.)3) k(az a1w3) 1 _ _
Now, Vc £(2) = (kas—kay) = Gkar—rka )dz{ z(1 — w3) — k(a; — a;w3)}
. _ (1-w3)
(ka1 — ){(1 w3) 0} = Gemr—ka)) > 0;if ka; > ka,
Therefore, vE(z) is an increasing function.
R _ kaz(l—a)3)—k(a2—a1w3) _ kaz—wgkaz—ka2+ka1w3 _ —w3ka2+ka1w3 _
Also, Ve (kiz) (_ ) k((kal—kazg . - . k(kalk—kaz) . _k (kai—kay) 3
R _ aq 1—(1)3 —K(a;—a,ws3 _ a{—w3Kaq— a2+ aiws _ ai—ka; _
Ve (kal) N (kai—kay) N (kai—kay) T (kay-kay) 1
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2
The negative membership function of C = kA is

(—(1—w3)z—k(w3a4—a3) ; kay, <z < kas

and vg (kal-;kaz) > (1+w3) .

(kaz—kay,)
w3 ; kas <z < ka,

VelZ) =

C( ) z(1-w3)—k(a,—a;w3) ; kaz <z< ka1
(kal—kaz)
1 ; otherwise

Therefore, the scalar multiplication of a generalized trapezoidal picture fuzzy number is also a
generalized trapezoidal picture fuzzy number.

Proposition 3.2: Division of two generalized trapezoidal picture fuzzy numbers may not be a
generalized trapezoidal picture fuzzy number.
Proof: Let A = ((ay, a3, a3, a4); W14, W2a, W3q) ANA B = ((by, by, b3, by); w1p, W2p, w3p) bE WO
positive GTraPFNs. Let A +~ B = C , where
C* = [C1(a), Gy ()], €7 = [C1(¥) , C(y)] and CF = [C1(B), C2(B)], where a € [0,w,], ; ¥ €
[0, (1)2] y ﬁ € [(1)3, 1] and wq = min{wla, (Ulb}, Wy = min{(l)Za, wa} and (1)3 == max{wga, (1)3b}.
Now,
C* =[C1(a), Cy(a)]
= [4;(a) , Az ()] + [B1(a) , By(a)]
[A1(a) Az(a)]
32(0-’) B (@)
a1+—(a2 ai) 614——((14 as)

——(b4 b3) ’ b1+w—1(b2 by)

ap+ - (az ai) a4—wi(a4—a3)
t, —F———<z< 2

< —a
——(b4 b3) b1+w—1(b2—b1)

a1+—(a2 a) 2bi—a
NOW, —r <z w + 1 >
(b4 b3) 1 (az—aq1)+z(by—b3)
bs—a
Let, z W e
'uC( ) 1 (az a1)+z(by bba) ) )
Now— ) =— 2047 22047003 > 0,fora,b, > ab;ie2 >
He(2) Ot pmap+2(ba—by) . L1 {(@r-an)+2(ba-by)}? 254 B3 D T b,

Therefore, U (z) |s an increasing function.

a2+a_1
Also, pk (Z—z) =w, , Mc( ) =0and pk <”3 b‘*) = L1bs o “’71 [since b; < b,].

bsy+b3

Again,

a
as——(as—asz) as—2zb

w1 4 1
bttt = © 7 P rat, by =
1T W27h1 4—03)TZD2—D1
Ag— Zb1

az)+z(bz—b1)
as—27Zbq a3b2—a4b2

1 @amap)zlby—by) Pl {(agrby)—(as+be))?
Therefore, Ue (z) isa decreasmg function.

Also, u& (Z—z) =w; , ,uc( )—Oand ulk (Z;Zi><w71

So the positive membership function of C = A = B is

Lot (2) =
Now, Ilc t(2) =

<0, fora3b1<a4b2|e <b—
1
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( zb, —a a a
wq 4 L ; = <z< i
(az —ay) +z(by —b3) " by bs
a, as
w1 ; —<z< —
pe(z) = bs b,
a4 - Zbl a3 a4_
w1 ;—<z<—
(ag —az) +z(b, —by) ' b, b,
\ 0 ; otherwise

Similarly, we can find the neutral membership function.
So the neutral membership function of C = A+ B is

( Zb4 —aq a a;

W, ;— <z —

(a; —ay) +z(by—b3) " by bs

a, <, < as

w P —<z<—

nc(z) =+ 2 bs b,
a, — zb a a
wo : 1 ; = <z< =2

(ag —az) +z(b, —by) " b, b,

\ 0 ; otherwise

Now, for the negative membership function

CF =1¢,(B), C(B)]
= [A1(5) ,A2(B)] = [B1(B) , B2 (B)]
Ai(B)  A(B)

[B>(B) "B1(B)
_ -{(az—a1w3)—ﬂ(a2—a1)} . {ﬁ(b4—b3)—(a)3b4—b3)} {B(a4—a3)—(w3a4—a3)} . {(bz—fhws)—ﬁ(bz—bﬂ}]
- | 1—(1)3 ’ 1—(1)3 ’ 1—0)3 ’
[(a;—aiw3)—PB(az—aq,) Blas—az)—(wsa,—as)
-ﬁ((b4—b3)—gw3;z4—b3) ; (bz—b1w2’)(—ﬁ(b2;b1() )

a—aiwsz)— a;—aq as—az)—(ws3as—as

<
Let, ﬁ(b(zx—bs)—(w)sbgzbs) _)Z < (bz—biw3)—B(bz—bq)
a—a,w3)—plaz—aq
NOW, - a2 —Cwaby ) =
= (a; — ayw3) — Ba; — ay) < z{f(by — b3) — (w3by — b3)}
= (ap — ayw3) — B(a; — ay) < fz(by — b3) — z(w3by — b3)
= —Bz(by — b3) — f(a; — a;) < —z(w3by — b3) — (a; — a;w3)
= —p{z(by — b3) + (a; — a;)} < —{z(w3bs — b3) + (a; — a;w3)}
= B{Z(lzz}(— bs) ‘|; ((az - al%}} > {z(w3by — b3) + (a; — a;w3)}
zZ w3b4—b3 + a;—aqw3

>

=B = b r(aran)
{z(w3bs—b3)+(az—a;w3)} ,B

{Z(b4—b3){+gaz—a1)}) (_ N

L _ 1Zz(wzbs—b3)+(az—a w3
Let, Ve (Z) - {Z(b4{—lz3)+(a2—‘;1)(} 3

i L _ i Z w3b4—b3 +(a—aiw3
Now, Z2ve(2) = =G oo v (@ran)
_ {z(by — b3) + (az — a1)}(w3by — b3) — {z(w3by — bs) + (a; — a;w3)}(by — bs) S

{z(bs — b3) + (az — ay)}?
Therefore, vi(z) is an increasing function.

1—0)3

0

a

az a1 ,
Also, v¢ (b_) = w3 , j¢ (Z—i) = 0 and vk <”3 ”“) = 10s 5 2*95 Tsince by < by].

2
3 b4+b3 2
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Again,
Blas—az)—(wzas—az) >z
(bz—b1w3)—B(by—b1)
= B(as — az) — (wza, — az) = z{(b, — bywz) — (b, — by)}
= .BZ(bz(— by) ‘|; ,[i(azt - 61)3) > z(by — byw3) + (w3a4 — az)
zZ bz—b1w3 + w3a,4—as
= >
ﬁ —  z(bz—by)+(as—as3)
z(by;—byw3)+(w3as—as) < ,8
Z(bz—b1)+(‘(14—a3) )_( )
R _ Z bz—b1w3 + w3zads—az
Let, ve (Z) o Z(bz—L(’1)+(a4—C;3)( )
i R _ iZ bz—b1w3 + w3a4—as
NOW’ dz VC (Z) - dz Z(bz—b1)+(a4—a3)
_ {z(b;—b)+(as—a3)}(by—biw3)—{z(b;—biw3)+(wzas—az)}(b;—bq)
{z(b2—b1)+(as—as3)}?
Therefore, v&(z) is a decreasing function.

as  aq
_+_
a a. 1+
Also, vE (b—s) =w; , V¥ (b—") = 1and vk <b2 bl) <=5

<0, for ayb; < azb, ie 2<=
b, by

2 1 2 2
So the negative membership function of C = A + B is

(lsbs=b)+(apma,0) a1 ) %2
{z(b3—by)+(az—a,)} bs b3

a a
w3 ’ — =z= =
z(by—biw3)+(wzaz—a,) : a3 <z< &
z(by—bq)+(az—ay) b, b1

L 1 ; otherwise

Proposition 3.3: Multiplication of two generalized trapezoidal picture fuzzy numbers may not be
a generalized trapezoidal picture fuzzy number.

PrOOf Let A= <(a11 a,,as, a4-); Wiq) W2q, w3a) and B = ((bll bZl b3l b4-)) W1p, W2p, w3b> be two
positive GTraPFNs. Let A X B = C , where

C* = [C1(a), C(@)], €7 = [C1(y) , C(y)] and CF = [C1(B), C2(B)], where a € [0,w,], ; ¥ €
[0, w,], B € [ws3, 1] and w; = min{w,4, w1p}, W, = Min{w,,, wyp} and w3 = max{wsg, Wsp}-
Now,

€% =[G (a), C(a)]

= [A1(a) ,A2(@)]. [B1(a) , By ()]

= [A1(a)B,(a) ,A;(a)B,(a)]

= [{al + w% (a; — a1)} {b1 + wil (b, — b1)} , { ay — wil (as — as)} {b4 - wil (by — bs)}]

2 2
= [Z_% (az —ay)(by — by) + w%{ch(bz —by) +by(a; —ay)} +asby ’Z_§ (ag —az)(by — b3) —
= {as(bs = bs) + by(as — a5)} + asby]

2 2

Let, Z_% (a; —aq)(b, — by) + w%{‘h(bz —by) +by(a; —ay)}+ah; <z < :}_% (ag —az)(by —
b3) — wil{a4(b4 —b3) + by(a, —az)} + asb,
Let, P12= (a; —aq)(by — by) and Q1 = a4 (b, — by) + by(a; —ay)
NOWZ_%PI +wi1Q1 + a1b1 <z

VOLUME 9 ISSUE 5 2025 PAGE NO: 159


https://doi.org/10.71058/jodac.v9i5014

) JOURNAL OF https://doi.org/10.71058/jodac.v9i5014

DYNAMICS AND CONTROL

a? a
=>_2P1+_Q1+a1b1_ZS0
w wq

1
—Q1— ,Qf—4p1(a1b1—z) —-Q1+_|Q2-4P;(a;1b;-2)
= <—=<

a
w

2P; 1 2P
—Q1— ,Qf—4p1(a1b1—z) -Q1+_|Q2-4P,(a;1b;-2)
= wl S a S (l)l
2P, 2P,
Let ub(2) Q1+ /Q%—4P1(a1b1—z)
et, Z)=w
Uc 1 2P,
-Q1+ }Qf—4P1(a1b1—z)

d _i
NOW1 dZMC(Z) - dz wq

2P,
= ﬂi{—& +/QF — 4Py (as by — Z)}

2P1 dz

w1

= a{—o +2(Q% — 4Py (ayb, — 2)) 2= (Q% — 4Py (asb, — z))}

_1
= %{%(Qf — 4P, (a.b, —2)) 2(0— 4P, (0 — 1))}
— @1 4Py _ w1
4Py \/(Q%—4P1(a1b1—z)) \/(Qf—4P1(a1b1—z))

— w1
\/({611(172—b1)+b1(az—a1)}2—4((12—“1)(52—1’1)(a1b1—Z))
Therefore, u%(z) is an increasing function.

>0

—Q1+ |Qf—4P,(a;b1~a,bq) —Q1t /Q%—O —Q,+0Q

AISO, Hé(albl) = w1 \/ 2P, = Wy 2P, = W, 21P1 L= 0
u¢(azb;) = wy and pg (%) > %
Again,
Let, P, = (a4 — a3)(by — b3) and Q, = a4 (by — b3) + by(a, — az), then
a? a
_2P2 +_Q2 +a4b4 ZZ

1 w1

a? a
ﬁw_%P2+w_1Q2+a4b4_ZZO

-Q2- /Q22—4P2(a4b4—z) —Q2+ |QF—4P,(asbs—2)
=4 = =

a
2P, w1

2P,
—Q2—|Q3—4P;(asbs—2) Q2+ [Q3—4P;(asby—2)
2P,

= wq Py =Za=w
2
Q2+ /Q%—4P2(a4b4—z) Q2— |Q5—4P;(asbs—2)
= W 2P <a<w 2P
2 2

Q2— |QF—4P;(asbs—2)
2P,
Q2— |QF—4P;(asby—2)

2P,

Let uf(2) = w,

2Rz =2
Now, 2 ¢ (z) = 7 91
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= %%{QZ - \/Q% - 4P2(a4b4 - Z)}

= ﬂ{—o - %(Q% — 4P, (ash, — Z))_E% (Q% — 4P,(asby — Z))}

2P,
1
= %{—%(Q% — 4P, (asby — 2)) 2(0 — 4P, (0 — 1))}
— w1 —4P, - _ w1
4P, \/(Q22—4-P2 (a4b4—z)) \/(Q%—‘l-Pz (a4b4—z))

w1

J(@a(amb3)+ba(a4=a5)2-4(as—a5) (ba=bs) (@sh4—2) <0
Therefore, u&(z) is a decreasing function.
- |Q2-4Py(asby—ayb - |Q2-0
Q2 \/Qz 21(244 44)=w1Q2;/PQ22_=(;)1Q22;PZQ2=OaI’]d
ug (azhs) = w, and u¢ (@) < %
So the positive membership function of C = A X B is

Also ug (asb,) = w;

( -Q1+ /Qf—4P1(a1b1—z)
w1 5 a1b1 <z< azbz
2P,
w1 ) azbz S Z S a3b3
pc(z) = S '
Q2— |Q5—4P;(asbs—2)
w1 5 a3b3 <z< a4b4
2P,
\ 0 ; otherwise

Similarly, we can find the neutral membership function.
So the neutral membership functionof C = A X B is

( —Q1+ /Qf—4P1(a1b1—z)
() 5 a1b1 <z< azbz
2P,
() ; azbz <z< a3b3
nc(z) = 1
Q2— /Q§—4P2(a4b4—z)
() 5 a3b3 <z< a4b4
2P,
\ 0 ; otherwise

Now, for the negative membership function

ch = [61(3) »Cz(ﬁ)]
= [4:(B) , A2(B)]- [B1(B) , B2 (B)]
= [41(B)B1(B) , A2 (B)B,(B)]

_ [(az—waaﬂ—ﬁ(az—al) x (by—w3b1)—PB(by—b1) Plas—az)-(wzas—az) % ﬁ(b4—b3)—(a)3b4—b3)]

)

] '32 —w3 -w3 5 —w3 -w3
= lm (az —ay)(b, : b,) — (1——603){612 (by — b1) + by(az — a1)}
B
+ ab, ’m (as — asz)(by — b3)
+ (1_,8—0)3){613@4 — bs) + bs(as — az)} + azbs

VOLUME 9 ISSUE 5 2025 PAGE NO: 161


https://doi.org/10.71058/jodac.v9i5014

! JOURNAL OF https://doi.org/10.71058/jodac.v9i5014

DYNAMICS AND CONTROL

BZ
Let——= (a; —ay) (b, — by) — a

"(1-w3)?
_ﬁ D {az(by — b3) + b3(as — az)} + azbs

2
(1_[1)3)2 (a'4- - a’3)(b4 - b3) + (1

Let P{ = (ap —ay)(b, — by) and Q1 = a, (b, — by) + by(a; — a,)
Now,

F~ _pr_ P ol yap,<z
(-wg)? ~ 1 (-wg) <P T 2T

= B P] B
! —
(1 - w3)? (1 - ws3)
R Q{—\/Qiz—‘“jl'(azbz—z) < B Qi+JQ{2—4P{(azb2—z)
2pP] (1-w3) 2P]

S {ay(by = by) + by(ar — @)} + azh, < 2 <

Qi +ayb,—2z<0

Q’—JQ’2—4P’(a by-z) Q'+JQ'2—4P’(a by—2)
1 1 1\u2b2 SﬁS(l—w3)1 1 1\U2b2

= (1 - ws) 2p! 2p!

2
0l 01*~4Pl(azb,-2)
2pP]

Let, vi(z) = (1 — w3)

2
Qi—\/Q{ —4P{(azby-2)
2pP]

Ay =21 —
Now, — vé(z) = — (1—w3)
—— (1—(1)3) < O

(@212 412 (@001 -4(a2-a1) (b (@b, -2))
Therefore, v&(z) is a decreasing function.

AISO, Vé(albl) = w3, V(lj(azbz) =0 and V(lj

(a2b2+a1b1) < (1+(l)3)

2 2
Again,
3—22 (ay —az)(by — b3) + ————= b {as(by — b3) + bs(a, —az)} +azb; = z
(1 - ws3) (1 - ws3)
Let, P, = (a4 — a3)(by — b3) and Q; = a3(by — b3) + b3(a, — a3) , then
Now,
B? >
(1-w3)? P2 + (1- Q2 + a3b3 zZ
32
(1(1))2P2+( Q2+a3b3_Z>0
-Qz— \/Qz 4P2(a3b3—z) B > —Q2+\/Q22—4P2'(a3b3—z)
= 2P, (1—w3) - 2P,
—Qz—\/Qéz—‘le'(asbs—Z) —Q£+JQ£2—4P£(a3b3—z)
z(1_(‘)3) 2p! ZﬁZ(l—(D3) 2p!
2 2

2
—Qé"'\/Qé —4P}(azb3—2)
2P2

Let, vB(2) = (1 — w3)

-Qz+ JQ ~4P;(azb3~2)
2P2'
\/({a3(b4—b3)+b3(a4—a3)}2—4(a4—a3)(b4—b3)(a3b3—z))

Therefore, vE(z) is an increasing function.

Now, —vC R(z) = (1 — w3)
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(1+w3)
2

Also, Vg(a3b3) 0, 7 (a4b4) = W, and Vi (a3b3;a4b4) >
So the negative membership functionof C = A X B is

( ’ 12 I
Q1_\/Q1 —4P1(a2b2—z)
(1 - (1)3) 7 ; a1b1 <z< a2b2
2P)
w3 ; ayb, <z < azbs
ve(2) =4 - ’
— 4+ o 4pi(asbs—2)
(1 - (1)3) 7 ; a3b3 <z< a4b4
2P,
\ 1 ; otherwise

https://doi.org/10.71058/jodac.v9i5014

Proposition 3.4: Scalar multiplication of a generalized triangular picture fuzzy number is also a

generalized triangular picture fuzzy number.

Proof: Let A = ((ay,a,, a3); w1, w5, ws) be a GTPEN . For any scalar k, the scalar
multiplication of A is
C@rP = kA@rp where C* = [C;(a), cz<a)], ¢’ = [G(),C,(y)] and CF =

[C.(B),C(B)]and a € [0,w,], ¥ € [0,w;], B € [ws,1].
Case-1:Whenk > 0
C* =[Ci(a),Cr(a)]

= k[A;(a) ,Az(a)]
= [kA;(a) , kAz(a)]

= [kal +ki(a2 _al),ka3 _ki(a3 _az)]
wq w1
Let, ka1+ki(a2_a1) SZS ka3 _ki(ag _az)
w1 w1
NOW, ka1 +kwi(a2 _a'l) <z
1
a
ﬁk_(az _al) SZ_kal
w1

=>< w,(z —ka,)

=>a< w1%

Let, uk(2) =w1%

Now, —uc(z)— 1%

= ey ka1>=m(1—o> = B> 0} if ka, > ke,

Therefore, u%(z) is an increasing function.

(ka;—kaq)
Also, uk(ka,) = wlm =0 and ut(kay) = w

Again, ka; — kwi(ag —ay)z

(kaz—ka1) _
V(kay—ka)) — 1

= kas —kwi(a3 —ay) =z
1
= —kwi(a3 —a,) = (z—kas)
1

= kwi(a:; - az) S (ka3 —Z)
S (kaz-2)

S>a<w
= "1(az—ap)
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L (kas—z) > a
k(az—a)

(kaz—z)
Let, ug (Z) —wlﬁ

_ (kaz-z)
NOW, (z) w4 —(ka _kaz)
(1’1

- (ka3 ka,) dz (ka3 Z) = ka )(O o 1) =
Therefore, uk(z) is a decreasmg function.

Also, uf(kas) = wli:ZS—kaS) 0 and pf(ka,) = w,
So the positive membership function of C = kA is

= w

W1

m<0;lfka3>ka2

(ka3—ka2) _
(ka3—ka2) o 1

( (Z—kal) .
1 m ; ka1 <z< kaz
pe(z) =9 . Kas=2) .
W1 G ary ; ka, <z < kag
. 0 ; otherwise.
In similar manner, we can find the neutral membership of C = kA is
rw azka) ka; <z < ka
2 (kaz—kal) ! 1= - 2
nc(2) =1, ka2 .
2 Geas—rar) ka, <z < ka;
. 0 ; otherwise.

Now, for the negative membership function

P =16(8),C(B)]
= k[A1(B) , A2(B)]

= [kA1(B) , kA, (B)]
(az-w3zaq)-Blaz—aq) Blaz—az)—-(wsaz—az)
[k k

1-ws3 1-w3
Let, k(az w3aq,)—pF(az—aq) <z< kﬁ(a3 a;)—(wzaz—ay)
1- —Ww3 1— —w3
Now, k(az wzaq)—f(az— a1)
1-— w3
(1-w3)z

= (a —wzay) —Bla; —ay) < o

(1—w3)z
= —f(a; —a;) < = — (az — w3ay)
(1-w3)z (az-wsa,)
= — < —
'8 _( k(az—as) ’ (‘12—;11)
a;—ws3aq 1—(1)3 zZ
= > —
ﬁ - Eaz—aﬂ ) (k(az—)a1)
k a,—ws3aq)—(1-ws3)z
= >
B k(ay-aq)
k(a-wsza.)-(1-w3)z ﬁ
(kay—kaq) -
L _ k(az-wza,)-(1-w3)z
Let, vC(z) = eoFea)

a k(az wzaq)—(1- w3)z_ 1 _ _
Now, Vc( )= (kay—kay) (ka,—ka )dz{k(az w3a;) — (1 — w3)z}

_ (1-w3)
(kaz — ){O (1 w3)} = Gean—kaD <0;ifka, > ka,

Therefore, v4(z) is a deceasing function.

=
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k(az—w3a1)—(1—w3)ka2 kaz—w3ka1—ka2+w3ka2

Also, vi(ka,) = =

(kaz—kal) (kaz—kal)

_ —(1)3ka1+(1)3ka2 _ (A)3(ka2—ka1) _

T (kag—kay))  (kag—kay) 3

L _ k(az—w3a1)—(1—w3)ka1 _ kaz—wgkal—ka1+w3ka1 _ (kaz—kal) _
vE(kay) = - - - = Gk

(kaz—kaq) (kaz—kaq) (kaz—ka1)
. (az—ay)—(wzaz—a,)
Agaln, kﬁ 3 2 343 2 2 7
1—(1)3
(1-w3)z

= B(az —ay) — (w3az; —az) =

(1-w3)z
= f(az —ay) = k3 + (w3a3 — ay)
N ﬁ > (1-w3)z (wzaz—ay)

k(az—az) (az-az)
(1—(1)3)Z+k((4)3a3—a2)

= >
k= k(az—a,)

(1—w3)z+k(a)3a3—a2)
= <
N _(B )
R _ (1-w3)z+k(wzaz—a;
Let, ve(2) = ran—kay)
i(l—wg)z+k(w3a3—a2) _ 1 i
dz (kaz—kay) " (kaz—kay) dz
=l (1—w)+0} =22 50 ifka, > ka
(kaz—kaz) 3 (kaz—kaz) ' 3 2
Therefore, v&(z) is an increasing function.
AISO' vg(kag)) — (1—w3)ka3+k(w3a3—a2) — kag—a)gka3+(1)3ka3—ka2 _ ka3—ka2 _ 1

Now, %vg(z) = {(1 - w3)z + k(wzas — ay)}

(kaz—kaz) (kaz—kay) " (kaz—kaz)
'VR (ka ) — (1—w3)ka2+k(w3a3—a2) — kaz—w3ka2+0)3ka3—ka2 — —(1)3ka2+(1)3ka3 — (1)3(ka3—ka2) —
¢ 2 (kaz—kay) (kaz—kay) (kaz—kaz) (kaz—kay) 3

So the negative membership function of C = kA is

k(aZ_w3a1)_(1_w3)Z : kal S 7z S ka,z

(kaz—kaq)
ve(z) = { (-w3)z+k(wsaz—ap)  ka, < 7 < kas
(ka3—ka2)
1 ; otherwise.

Therefore, the scalar multiplication of two GTPFNs is also a GTPFN.
Case-2:When k < 0

€% =[G (a), ()]

= k[A1(a),Az(a)]

= [kA;(a) , kA (a)]

= [ka3 _kwi(ag)_az),kal +kwi(a2 _al)]
1 1
Let, kas — k— (az — ay) < z < ka, + k—(a, — a;)
w1 w1
NOW, ka3 _kwi(ag —_ az) S Z
1
= —k=(az —ay) < z—kas
w1

> wi(kaz —kaz) < z—ka,

(z—kas)
S>a<
=W (kaz—kas)
(z—kas)
=
L (kay—kas) =
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L _ (z—kas3)
Het e (Z) ~ M larkay)
_ (z—kasz)
Now, — HC(Z) W, (kag—az) ~ (kaz kas) — L (z - kas)
- (ka2 ka3) (1- 0) = T) >0;if ka, > kas

Therefore, uk(z) is an increasing function.

AISO ﬂé(ka:g) = W1 E:T—kaB) O and /lc(kaz) =

Again, ka; + kwi(az —a,) =z
1

(kaz —ka3) _
1 (kaz —ka3) 1

=>kwi(a2—a1) >z—ka,
= —kwi(az —a,) < (ka, — 2)

= i(kal —ka,) < (ka; — z)

(ka,-z)
Let, uR(2) = w, —( kaai kzz)

(ka,-z) w1 _
1(ka1 kaz) (ka1 kay) dz (kal Z)

_m(o—l) = _ﬁ<0 if ka; > ka,
Therefore, u&(z) is a decreasing function.

Also, uR(ka,) = w, % 0 and R (ka,) = w,
So the positive membership function of C = kA is

( (z—ka3)
3 <z<
1 G kas; <z < ka,

Now, _.UC(Z) =—

(kal—kaz)
(ka,—kay)

1 (ka;-kay) ’
. 0 ; otherwise.
In similar manner, we can find the neutral membership of C = kA is
( (z—kaz) | ka. <z <k
2 (kaz—kaz) ’ a3 =2 = Ky
nc(z) =4 2% ; ka, <z < kay
. 0 : otherwise.

Now, for the negative membership function

CF =[C(B), C, ()]
= k[A;(B) , A2(B)]

= [kA,(B) , kA, (B)]
_ [k Blaz—az)— (w3a3 az) k(az a;w3z)—f(a— a1)]

1- —Ww3 1- —Ww3
Let k'B(a3 az)—(wzaz—ay) <z< k(az a1ws3)-P(az—aq)
1— —w3 1— —w3
Now, k'B(a3 ay)—(wzaz—ay) <z
1—(1)3

= k{f(az — ap) — (w3a3 — az)} < z(1 — w3)
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= —k{f(az — a;) — (wza; — ay)} = —z(1 — w;)
= —kB(as; —ay) + k(wzaz — a;) = —z(1 — w3)
= —kB(az — ay) = —z(1 — w3) — k(wzaz — a;)
= kﬁ(a_z(l—_ as)) _Zk(—Z(l_ —)a)3) — k(wzaz — a;)

=B = (kaz—kas3)

-(1-w3)z—k(wsaz—a;)
= (kaz—kas) <k

L _ —(1-w3)z—k(wzaz—a,)
Let, vc(z) = (kaz vas)
Now, £ v(z) = - Z0-eilioadady) L (1 - w3)z— k(wsaz — ay)}
¢ dz (kay—kas) (kaz kas) dz 3 343 2
—0) = —_(dz®3)

(ka —ka )( (1 (1)3) O) - (kaz—ka3) < 0 y |f kaz > ka3

Therefore, v4(z) is a deceasing function.
L _ —(1—w3)ka2—k(a)3a3—a2) _ —ka2+w3ka2—kw3a3+ka2

Also, Ve (kaZ) - (kaz—kas) N (kaz—kas)

_ wgkaz—kw:;ag _ w3(ka2—ka3)

(kay—kaz) ~ (kay—kas) - @s and
L —(1—a)3)ka3—k((l)3a3—a2) —ka3+w3ka3—k(l)3a3+ka2 —ka3+ka2 (kaz—kag)
Vc(ka3) = = = = =1
(kaz—kag) (kaz—ka3) (kaz—kag) (kaz—kag)
Again, k (az—a1w3)—F(az—a,) >
1—(1)3

= k{(a; — a;w3) — Bla; —ay)} = z(1 — w3)

= —k{(a; — ayw3) — B(a; —ay)} < —z(1 — ws3)
= —k(a, — ayws3) + B(ka, — ka;,) < —z(1 — w3)
=> —B(ka; — ka,) < —z(1 — w3) + k(a, — ayws3)

—z(1-w3)+k(az—aiw3)

= _ﬁ S (kal—kaz)

z(1-w3)—k(az—aiw3)
= B 2 (kal—kaz)

z(1-w3)—k(az—a,ws3) <p
(kal—kaz)
R _ z(1-w3)—k(az—a;w3)
Let, vC (2) = T
a Z(l w3)—k(a—a;w3) B B

NOW’ ve(@ = (kay—kas) (ka1 —kay) dz {Z(l w3) — k(az — a;w3)}
= ; _ _ _ (O-ws3)
= o la w3) 0} = caray > 0 if kay > ka,

Therefore, v&(z) is an increasing function.
kaz(l—(l)g)—k(az—alw3) kaz—w3ka2—ka2+ka1w3

Also, v (kay) = =

(kai—kay) (kai—kay)
—wska,+ka;w w3 (ka;—ka,)
_ 3kay 103 _ W3lkay 2) _ ws and
(kal—kaz) (kal—kaz)
kai(1-w3)—k(a,—a;w3) ka;—wska;—ka,+ka;w kai—ka
vc}g(kal): 1 (kz_kz 1W3) _ Ka;—w3 1_2 103 _ 1_ 2 —1q
1—kay) (kai—kay) (kay—kay)

So the negative membership function of C = kA is

—(1-w3)z—k(wzaz—az) | kas < 7 < ka
) 3 = — 2

(kaz—kas)
VC(Z) =< z(1~w3)-k(az-a,w3) ; kaz <z< kal
(kay—kaz)
1 ; otherwise.

Therefore, the scalar multiplication of two GTPFNSs is also a GTPFN.
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Proposition 3.5: Division of two generalized triangular picture fuzzy numbers may not be a
generalized triangular picture fuzzy number.
Proof: Let A = ((ay,ay, a3); W1 Wag, W3q) aNd B = {(by, by, b3); W1p, Wap, w3,) e tWO
positive GTPFNSs. Let, C = A + B, where C* = [C;(a),C,(a)], CY = [C;(y),C,(y)] and
CF =[Ci(B),C,(B)], where & € [0, 1], ;¥ € [0,w;] , B € [w3,1] and w; = Min{wsq, w1p)},
W, = min{w,,, Wy} and w; = max{ws,, W3p}
Now,
C* =[C1(a), Cy(a)]

= [41(a), 4;(a)] = [By (@) , By ()]
_ [A1_@l) Az(a)] _ a1+w—1(az ai) as—i(as—az)
~ By(@) ' By ()] 3—(%(173—172) by+— (bz by)

a a
‘11+w—1(‘12—a1) as—w—l(as az)

Let, —3——<z <
b3—wil(b3—b2)

[04
ai +w—1(a2—a1)

— 9 -
b1+w—1(bz—b1)

Zb3 aq

Now, —3+—<z = w >
b3—wil(b3—b2) 1 (az—aq1)+z(b3—by)
bz—a
Let. uk(2) = w Ds7%
‘Llc( ) 1 (az a1)+Z(b3—bb2) b b
Now— z) =— 20374 =w 22837 N%2 >0, fora,bs > ab, ie 2>
. “C( ) ©1 Cayman)+2(b;-by) L {(az—ay)+z(b3—b,)}? 273 7 12 BE o,
1
bs '

Therefore. u%(z) is an increasing function.

a2+a1
Also, uk (2) =w, , Hc( ) = 0 and pk (”2 b3> = 1bs o le [since b, < bs].

bs+b,
a5 —(as-az) —
Again, —2———>7 = w 3 1 >a
o T oy 1 (as—ap) +2(b3—b1)
—Zb
Let, Z)=w A3~ 201
'uC( ) 1(a3 —az)+z(by—by)
—-zb a,b,—azb . a
Now— z—— 23720 =w 20279302 <0, fora,b, < ab,ie2<
. “C( ) 1 (az—az)+z(by~by) L {(az—az)+2z(by—by)}? 271 372 2% b,
3
by’

Therefore, u&(z) is a decreasing function.
dz, a3
R (42)\ _ R (43 Rb2 b w1
AISO,MC(E) =w; , ,uc(bl)—Oand Uc (2 1><—2 .

So the positive membership function of C = A + B is

Zb3—a1 aq ar
1 ; —<z<—
(az—aq1)+z(b3—by) b3 b,
1) Lz =22
1 ) -
uc(z) = ) bz
az—-z a a
w1 S ;—2<z<=2
(az—az)+z(by—by) b, by
0 : otherwise

Similarly, we can find the neutral membership function.
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zZbsz—a a a
w5 3L ;—=<z<2
(az—ay)+z(b3—by) b3 b,
W L z=2
2 , -
nc(z) = , b,
as—2zZ a a
Wy 3 1 ;2<z< 2
(az—az)+z(by—bq) b, by
0 ; otherwise

Now, for the negative membership function

ch = [Q(ﬁ) , Cz(ﬁ)]

= [A1(B) , A2 (B)] = [B:(B) , B2(B)]

A(B) A(B)

[B>(B) "Bi(B)

'{(az—a1w3)—[a’(a2—a1)} N {ﬁ(bs—bz)—(w3b3—bz)} {B(ag—az)—(w3a3—a2)} N {(bz—b1w3)—ﬁ'(bz—b1)}]
1—(03 ) 1—(1)3 ’ 1—0)3 ’ 1—0)3

[(a;-aiw3)—PB(az—a,) Blaz—az)-(wzaz—ay)

| 8(b3—b2)—(w3b3—by) ’ (bz—biw3)—B(bz—bq)

(ay-aiw3)-PB(az—aq) Blas—az)-(wzaz—az)
L
&t B(b3—by)—(w3bz—by) — Z< (bz—biw3)—B(b2—b1)
Now (az-aiw3)-PBlaz—aq)

B(bs—by)—(w3zbz—by) —
= (a; — ayw3) — f(a; — ay) < z{f (b3 — by) — (w3bz — by)}
= (a; — ayw3) — Ba; — ay) < fz(bs — by) — z(w3bs — by)
= —fz(bz — by) — f(a; — a;) < —z(wsbz — b,) — (a; — a;w3)
= —B{z(bs — by) + (a; — a;)} < —{z(w3bs — by) + (a; — a;w3)}
= ﬁ{Z(%(_ b,) ‘|; ((az - a%}} > {z(w3bz — by) + (a; — ayw3)}
4 w3b3—b2 + a;—aqws3
>
=B 2 b r(aran)
{z(wzb3—by)+(az—a;w3)} < [))
{z(b3—b2{)+((a2—a1)}) (_ .
L _ Z w3b3—b2 + a—aq1ws3
Let Ve (Z) - {Z(bs—{bg)‘*(az—a;)}( 3
i L _ i Z w3b3—b2 + a;—aq1ws3
Now, ZZve(2) = 2 2(bs—by)+(@g—ar)}
_ {z(bz—by)+(az—a1)}(wzb3—by)—{z(w3bs—by)+(az—a; w3)}(b3—by)
= >0
{z(b3—by)+(az—a;)}?
Therefore v&(z) is an increasing function.

az  ajq

_+_

b 1+ .

Also, vk (2) =w; , puk (ﬂ) = 0 and vk <b2 b3> =215 5 7% [since b, < bs].
b, bs 2 bs+b, 2

Again,
Blas—az)—(wzaz—az)
(bz—biw3)—B(by—by) —
= B(az — ay) — (wzaz — ay) = z{(b, — bywz) — (b, — by)}
= ﬁz(bz(— b;) ‘|; [z(% - a)z) > z(by — byws) + (wzaz — ay)
b,—biw3)+(wzaz—a
= > Z\D2—Db1Ww3 3a3—a;
'8 —  z(bz—by)+(az—ay)
Z(by—byw3)+(wzaz—a,) < ,3
Z(bz—b1)+(zl3—a2) )_( )
R _ z(by—biw3z)+(wzaz—a;
Let, ve (Z) - Z(bz—lzl)+(a3—6;2)( )
i R _ iZ bz—b1(1)3 +(wzasz—a;
Now, az /€ (2) = dz  z(by—by)+(az—ay)
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— {z(b,—by)+(az—az)}(b,—byw3)—{z(b,—byw3)+(w3az—ay)}(b,—bq)
{z(b2—b1)+(az—az)}?
Therefore vZ(2) is a decreasing function.

az as
+ 1+
Also, v& (az) = w3 , V¢ ( ) =1and v§ <”2 bl) <=1
bz bl 2 2

So the positive membership function of C = A +~Bis

({z(wsbs—b)+(az-a,w3)} | a1

< 0, for a2b1<a3b2|e <—

) < -
{z(b3—bz)+(az—aq)} bz — bz
w Lz =22
3 ) -
ve(z) = S bz
z(by;—biw3)+(wzaz—ay) e R as
z(by—b1)+(az—ay) bz by
\ 1 ; otherwise

Proposition 3.6: Multiplication of two generalized triangular picture fuzzy numbers may not be
a generalized triangular picture fuzzy number.
Proof: Let A = ((ay,a;,a3); W1g, Waq, W3g) aNd B = ((by, by, b3); w1p, Wap, W3p) DE tWO
pisitive GTPFNs. Let A X B = C , where C* = [C,(a),C,(a)],CY = [C,(y),C,(y)] and
CF =[C1(B),C,(B)], where a € [0, 1], ;¥ € [0,w,] , B € [w3,1] and w; = min{w;q, w15},
W, = min{w,g, w,p} and ws = max{ws,, wsp}.
Now,
C* =[Ci(a),Cr(a)]

= [4;(a) , Az ()]. [B1 (@) , By ()]

=[4 (a)Bl(a) Az(a)Bz(a)]

[{ w_1 (a; — a1)}{ 1t w_1 (b, — b1)} , { az — wil (az — az)} {b3 - wil (b3 — bz)}]

2

laz (az —ay)(b, — by) + i{a1(bz —by) +by(a; —aq)} + arby 'a_z(a3 — a;)(b; — by)
w w1 w1

a
- w_{as (b3 — by) + b3(az —az)} + a3b3l
1

2 2
Let, Z_% (az —ag) (b, — by) + w%{‘h(bz —by) +by(a; —ay)}+ah; <z < Z_% (az —ay)(bs —

b,) — i{613(133 —by) + bs(az —az)} + azbs
2
a
(az a,)(b, — by) + _{a1(b2 —by) +by(a; —ay)}+ah; <z

|—9t Py = (ay —a;)(b; — b1) and Q; = a,(b, — by) + by(a, —ay)
N ,w_%Pl‘l'w_lQl‘l'alblSZ

(04 (04
ﬁ—P1+—Q1+a1b1—ZS0
w w1

—Q1— Qi -4P1(asb;~2) a -Q1t Qf—4P1(a1b1—z)
<—=<
w1y

2P,

-Q1— Qf—4P1(a1b1—z) Q1+ [Q%Z-4P1(a1b1—2)

<a<w
2P;
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—Q1+ /Qf—‘”’l(albl—z)

Let, ut(2) = w, o

f 2
d | _d —Q1+_[Qf—4P1(a;b,1~2) _
Now, = uc(z) = — 01

2P T 2p, dz{ Q1 +yQf —4Py(ashy — Z)}
= szll{_O + %(Q% — 4Py (a1b, — Z))_E% (Q% — 4P, (ash, — Z))}
= %{%(Qf — 4P, (a,b, — 2)) 2(0 — 4P, (0 — 1))}

_ w1 4P, _ w1
4P \/(Q%—4P1(a1b1—z)) J(Q%_‘l‘Pl(albl_Z))
= = >0
\/({01(132—b1)+b1(az—a1)}2—4(a2—a1)(b2—b1)(a1b1—2))
Therefore, u%(z) is an increasing function.
— 2_ _ _ 2_
Also, uk(a.by) = w, Q1+JQ1 4213;1((111:1 @10 = w, leinio = W _021:101 =0, u¢(azby) = wy

bi+a,b
and pk (—a1 12a2 2) > %

) 2
Again, Z—%(as —az)(bs — by) — w%{a3(b3 —by) + bs(az —az)} +asbs =z
Let, PZ = (a3 - az)(b3 - bz) and QZ = a3(b3 - bz) + b3 (a3 - az), then

a? a
_2P2 +_Q2 +a3b3 A
w1 wq

2 a
>—=P,+—Q;+azb;—z=0
w? w1

/ —4P,(azbs—z) « —Qz+ Q22—4P2(a3b3—z)
=>—2=
w1
—Q2—_[Q2-4P;(azbz—z) —Q2+_|Q2-4P,(azbz—z)
= w, = a2 w
, 4P2(a3b3—z) Q2—4P2(a3b3—z)
2P,
,Qz —4P,(azbz~z)
Let, ut(z) = 0)1

/Q ~4Py(azbs=z)
Now, MC(Z) — o {

2P dz

- \/Q% — 4P,(asb; — Z)}
ZPZ{ 0- -(Qz — 4P, (ashs; - z)) £ (03~ Pashs - )

= —q—- —_ 4P b - 0 4P 0 - 1 } —
2P, { (Qz »(asbs Z)) ( 2 ( )) 4P2 J(QZZ—4Pz(a3b3—Z))
w1 ©1

- _ = _ <0
J(Q§—4P2(a3b3—z)) \/({03(b3—b2)+b3(a3—az)}z—4(a3—a2)(bs—bz)(asb3—l))
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Therefore, u&(z) is a decreasing function.

Qz-\/Q%—4P2(a3b3—a3b3) Q02— /Q%—O 02-0,

AISO, ‘u,g(agbg)) = wq =W, =Wy —— 0’ llg(azbz) = w1

2P, 2P, 2P,
azbp+azb W
and”R(zz 33)< 1

So the positive membership function of C = A X B is

( —Q1+ ,Q%_‘I’Pl(albl_z)
wq ; a1b1 <z< azbz
2P,
w1 ; Z = azbz
2~ /Q§—4P2(a3b3—z)
2P

\ 0 ; otherwise
Similarly, we can find the neutral membership function.

( —Q1+ /Q%—4P1(a1b1—z)
w3
2P,
w7
2~ /Q§—4P2(a3b3—z)
2P

\ 0 ; otherwise

pe(z) = A

; azbz <z< a3b3

; a1b1 <z< azbz

ne(z) = 4 ; Z = ayb,

; a2b2 <z< a3b3

Now, for the negative membership function

=[C1(B), C:(B)]
[ 1(B) , A2(B)].[B1(B) , B,(B)]
= [A1(B)B1(B) , A2(B) B2 (B)]

[(az wzaq,)—f(az-aq) % (by—w3zb1)—B(by—b1) Plaz—ay)-(wzaz—ay) % ﬁ(b3—bz)—(w3b3—bz)]

)

1-ws 1—w3 1-ws 1-ws
= [ (@- al)(bz = by) = i {aa(by — b)) + by(a, — )} + @by o (s
a2)(bs = by) + 2o @z (bs — bz) + bz(a3 — a;)} + ash; |
Let, (’;) (az - al)(bz - bl) — i {a by — b)) + by(a, — @)} + azh, < 7 <
(1 o) (a3 —ay)(bz — b,) + on {az(b3 —by) + by(az — ay)} + azbs
a _ﬁ; 5z (a2 = a)(by = by) ~ 7~ b ooy (@albr = bi) + by(az — @)} + azby < 2
Let, P; = (a; — ay)(b, — by) and Q; = a, (b, — by) + by(a, —a,)
Now, - P~ L0 +a,b, < 2

B’ , B

= P/ — "+a,b, —z<0
A—wn? 1 T U —ay @t bz

0}~ 01> ~4Pl(azb,-2) - b _ Qi+ 0P ~4P{(azby-2)
2pP] ~ (1-w3) T 2P;

=
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Q{—\/Q{Z—4P1’(a2b2—z)

Q{+JQ{2—4P{(a2b2—z)

<P <(1-ws)

2
0l 01*~4P{(azb,-2)
2pP]

= (1 - ws3) 2]

Let, vi(z) = (1 — w3)

2
Qi—\/Q{ —4P{(azby-2)
2pP]

Now, —vc(z) = —(1 — w3)

(1-w3)

= - <0

\/({‘12(bz—b1)+b2(az—a1)}2—4(a2—a1)(b2—b1)(azb2—z))
Therefore, v4(z) is a decreasing function.

a2b2+a1b1

Also, v&(a.by) = 1,vE(a,b,) = 0and v’g(
Again

2

(az — az)(bs — b2)+

(1- w)2

Now ﬁ—zP’+LQ’+ab >z
" (1-w 3)2 2 (1-w 2 3V3 =

—Q£+\/Q£2—4P2'(a3b3—z)

2
ﬁ(ﬁ)zpz‘k( Q2+a3b3—Z>0
N -Q5- \/Qz —4P](azbs— Z) B > —Q2+\/Q22—4P2'(a3b3—z)
2P, (l—ws) - 2P,
2
—Q4—.|05" —4Ps(azh3—2)
= (1 - wy)— ! — 2= (1-w)
2
2
—Q3+./Q) —4P)(azb3—2)
Let, vE(2) = (1 — w3) — Lo —
2P}
2
d ‘Qé"'\/Qé —4P;(a3b3—z)
Now, —vC R(z) = E(l — w3) 27

(1-w3)

= >0
J(€@abs-b,) b, (a5-0012-4(a5-2) (b5—b) (asbs—2))
Therefore, v&(z) is an increasing function.
Also, v&(ayb,) = w3, vE(azhs) = 1and vE (a2b2+a3b3 (1+2w3)

So the negative membership function of C = A X B is

( ’ \/ 12 1
Q1—Q —4-P1(a2b2—z)
(1 - w3) - 7 ; a1by < z < ayb,
2P]
w 1 Z=a,b
ve(2) = 3 5 272
—Q£+JQ’ —4P;(a3b3~2)
(1- w3) - ; by <z < azbs
2P}
\ 1 ; otherwise

4. lllustrations
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4.1. Numerical Example 1: Let A = ((2,3,4,5); 0.6,0.2,0.1) be a positive trapezoidal picture
fuzzy number where the positive , neutral and negative membership functions are as follows:

0 x < 2 0 X < 2
0.6(x—2) ;2<x<3 02(x—2) ;2<x<3
us(x) =< 0.6 ;3 x<4,n(x) =4 0.2 ;3<x<4
06(6—x) ;4<x<5 02(5—x) ;4<x<5
0 ;x> 5 0 i x >5
( 1 ix < 2
092—-x)+1 ;2<x<3
vu(x) = 0.1 ;3<x<4
09(x —4)+0.1;4<x<5
1 ;x>5

The following Fig. 3 is the graphical representations of the GTraPFNs A:

" Fig.3: GTraPFN 4
The corresponding (a, y, ) —cut of the above trapezoidal picture fuzzy numbers A and B are as

5

follows:
(@y.B) = o 5_a Y 5_Y]|[p_B1 p-01
AR = {[2 toe 5 0.6]'[2 Y 5 0.2]’[2 0.9 A+ 0.9 ]}
Therefore,
184@vF) = {[36 + 30a,90 — 30a], [36 + 90y ,90 — 90y], [36 — 20(B — 1), 72 +
206 —0.1)]}
The corresponding positive, neutral and negative membership functions are as follows:
0 ;x < 36 0 ;x < 36
=2 ;36<x<54 =2 ;36 <x <54
ll.lSA(x) = 06 ,54 S X S 72, T]18A(x) == 02 ,54 S X S 72, VlSA(x) =
22X .72<x<90 DX 72<x<90
30 90
0 ;x> 90 0 ;x>90
1 ;x < 36
2241 336<x<54
0.1 ;54 <x <72
ZZ2401;72<x<90
1 ;x> 90

The following Fig. 4 is the graphical representations of the GTraPFNs 18A4:

VOLUME 9 ISSUE 5 2025 PAGE NO: 174


https://doi.org/10.71058/jodac.v9i5014

) JOURNAL OF https://doi.org/10.71058/jodac.v9i5014

DYNAMICS AND CONTROL

t g
40 50 60 70 80 90

Fig. 4: GTraPFN 184
The above figure implies that, the scalar multiplication of a generalized trapezoidal picture fuzzy
number is also a generalized trapezoidal picture fuzzy number.

4.2. Numerical Example 2: Let A = ((2,3,4,5);0.6,0.2,0.1) and B = ((1,3,5,7); 0.6,0.2,0.1)
be two positive trapezoidal picture fuzzy numbers where the positive , neutral and negative
membership functions are as follows:

( 0 x < 2 ( 0 x < 2
0.6(x—2) ;2<x<3 02(x—2) ;2<x<3
uA(x)=JO.6 ;3Sx§4,nA(x)=JO.2 ;3<x<+4
l0.6(5—x) ;4<x<5 L0.2(5—x) ;4<x<5
0 ;x>5 0 0 ;x>5 )
X<
( 1 X <2 (0.6(x—1)
092-x)+1 ;2<x<3 —,  1=x<3
vy(x) = 0.1 ;3<x<4 and ug(x) =< 0.6 ;3<x<5,
LO.9(x—4)+O.1;4<xS5 0.6(7—x) 5<x<7
1 x>5 2
\ 0 ix >7
(0.(2)(x—1) xs 1 1 x <1
. 1=x<3 045(1—x)+1 ;1<x<3
ng(x) =< 0.2 ;3<x<5vg(x)=< 0.1 :3<x<5
0200 5o 045(x—7)+1 ;5<x<7
2 1 ix >7
\ 0 x> 7

The following Fig. 5 and Fig. 6 are the graphical representations of the GTraPFNs A and B:

2 2.5 3 3.5 4 4.5 5 0 1 2 3 4 5 6 7

Fig. 5: GTraPFN A Fig. 6: GTraPFN B
The corresponding (a, y, ) —cut of the above trapezoidal picture fuzzy numbers A and B are as
follows:
(@y.B) — & c_a Y g_Y][p_B12 p-01
AYY _{[2+ 5 [Z-I_o.z’5 0.2]’[2 0.9’4+ 0.9 ]}
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pent (o 7-2 o7 -2 =52+
- m = (24 2)/(7-2). (- 2)/ 1+ D2+ 2)/6 - 2) (6~
2)/(1 ) (-7 £ o220 - 5]

0.
_{ (6+5q) (15 5(1)] 2+5y)  (5-5y) [(28 108) (35+10/3)}
— U(21-10a) ’ (3+10a) (7-10y) ’ (1+10p))’ L(43+208)’ (29-208)

axmern = ([e 2) (12 (- 2 (P-4 ) (1) (-
2)0-2)le- 50 - (286 )

_ {[500: +75a+18 50a?-255a+315 ] , [50)/2 + 25)/ + 2’ 50]’2 _ 85)/ +

9 ’ 9
35] [200B2—850ﬁ+812 20052+1130B+1505]}
o 81 ’ 81 ) )
Thus, the corresponding positive, neutral and negative membership functions are as follows:
(0 x<? (0 x<?
7 7
21x—6 ;E<X<E 7x—2 ;E<x<§
10x+5 7 5 10x+5 7 5
Hasp(x) =1 0.6 ;% <x Sg : Na+p(x) =< 0.2 ;% <x g% "Vpsp(x) =
15-3x ;i<x<5 Sl ;i<x<5
5+10x 3 5+10x 3
\. 0 ;x=5 \ 0 ;x=5
(1 x <2
7
28—-43x ;z <x < E
10+20x 7 5
1 0.1 Bax<t
5 3
29x—-35 ;i< x < 5
20x+10 3
\ 1 ;x =5
( 0 X < 2 r O X < 2
—15i\/2£:)1+72x ;2 <x<9 —5i2\/§+8x ;2 <x<9
Uaxp(x) =< 0.6 ;9<x<20 , nup(x)=< 0.2 ;9<x <20
51+v8 2 17+v9+8
ZESTE 520<x<35 T 520 <x <35
\ 0 ;X =35 .\ 0 ;X =35
( 1 X < 2
1701\/21106+2592x ;2 <x<9
VAxg(x) = < 0.1 ,9 <x<20
—2261\/2§§6+2592x ;20 <x< 35
\ 1 ;X =35

The following Fig. 7 and Fig. 8 are the graphical representations of the A +~ B and A X B:
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1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0 r—=—— (O o e s a————
0 1 2 3 4 5 0 5 10 15 20 25 30 35

Fig.7: A+B Fig.8: AXB

The above two figures imply that, the division and multiplication of two generalized trapezoidal
picture fuzzy numbers are not generalized trapezoidal picture fuzzy numbers.

4.3. Numerical Example 3: Let A = ((1,2,3); 0.5,0.3,0.2) be a positive triangular picture fuzzy
number where the positive , neutral and negative membership functions are as follows:
0 x <1 0 x <1
05(x—1) ;1<x<2 03(x—1) ;1<x<2
M) =1 05(3-x) ;2<x=3 MO V03635 2<x<3’
0 x> 3 0 ;x> 3
1 x <1
081—x)+1 ;1<x<2
08(x—3)+1 ;2<x<3
1 x> 3
The corresponding (a, y, ) —cut of the above triangular picture fuzzy number A is as follows:

a a 14 14 p—1 B—1
A<“%ﬁ)={1 — ,3——|,|1 —,3——,[1— ,3 }
[ M 0.5] [ T3 0.3] 08 "> T 08
Therefore,

34@rB) = {[3 + 6a,9 — 6a],[3+ 10y,9 — 10y],[3 — 3.75(8 — 1),9 + 3.75(8 — D]}
The corresponding positive, neutral and negative membership functions are as follows:

va(x) =

0 ix < 3 0 ix < 3 1 x < 3
= 3<x<6 = 3<x<6 =41 ;3<x<6
pza(x) = o—x , M3a(x) = o—x , Vaa(x) = X—9
— ;6<x<9 — ;6<x<9 —4+1 ;6<x<9
6 10 3.75
0 ' x >9 0 ' x>9 1 ' x>9
The following Fig. 9 is the graphical representations of the 3A4:
1
0.8
0.6
0.4
0.2
0 -
3 4 5 6 7 8 9
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Fig.9: 34
The above figure implies that, the scalar multiplication of a generalized triangular picture fuzzy
number is a generalized triangular picture fuzzy number.

4.4. Numerical Example 4: Let A = ((1,2,3);0.5,0.3,0.2) and B = ((2,3,4); 0.5,0.3,0.2) be
two positive triangular picture fuzzy numbers where the positive , neutral and negative
membership functions are as follows:

0 x <1 0 x <1
05(x—1) ;1<x<2 03(x—1) ;1<x<?2
Ha(x) = 0.5(§—x) 02 <a}:s 30 Ma(x) = O.3(§—x) ) <;c€s 3’
0 ;x> 3 0 ;x> 3
1 x <1 0 x < 2
0= {080 DL 1S S 056D 25758
1 PxX > 3 0 x> 4
0 i < 2 1 i < 2
03(x—2) ;2<x<3 082—-x)+1 ;2<x<3
ns(x) = O.3(Z—x) ;3 <;Cs4’ vs(x) = 0.8(x—z)11 3 <§s4
0 x> 4 1 x> 4
The following Fig. 10 and Fig. 11 are the graplhrical representations of the GTPFNs A and B:
1
0.8 0.8}
0.6 0.6}
0.4 0.4
0.2 0.2
0 : : : > 0 : : : >
1 1.5 2 2.5 3 2 2.5 3 3.5 4
Fig. 10: GTPFN A4 Fig. 11: GTPFN B
The corresponding (a, y, 8) —cut of the above triangular picture fuzzy numbers A and B are as
follows:
AP = {[1 tos3T % [1+ ol T 0. 3] [1 - ’ +ﬁ0_81 }
: ﬁ 8,
Blerl = {[2 05" %] 2+ oL T 0. 3] [ 408 }
Now,
(= ={[(1+39) /(4 =55) (3 -33)/ (2 0“—5)] [(1+35)7(4-35) (-
53/ gl [ -G) (4 +55), 5+ ) /(2= )]
. {[0.5+a 1.5—a] [0 3+y 0.9- y] [18 1.4+ ]}
T U2-a " 1+a I’ 12—y T06+yl’ 22487 26—
(4 B><“”] {(€ +%2 (2+55) . (3-33) (4~ )%]}[( 22)(2+35) (-
2

)L (252 (25
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2 2_
[4a? + 6a + 2, 4a? — 14a + 12], [100y +990y+18’100y 2910y+108]’

)

[25/3’2—110/2+117 25/32+90/3’+77]

16 16
The corresponding positive, neutral and negative membership functions are as follows:
(0 ;x<= (0 jx <7
4 4
23;;0.5 ;i <x Sé 1.21x+—0.3 ;% <x Sg
a-p(x) =4 1505 , Na=5(x) =1 g9 0. v Vap(0) =
1.5-x ;E<XS§ B 0.9-0.6x ;z<xS§ B
1+x 3 2 1+x 3 2
L O ;X >% . 0 ;x> 3
(1 ix <=
4
1.8—-2.2x ;l <x< z
< 1+x 4 3
2.6x—1.4 ;Z< x < E
1+x 3 2
2
( 0 x < 2 ( 0 x < 2
SRR 2<x<6 SEOEE 52<x<6
Haxp(x) = S , Naxp(x) = ,
B2 e<x<12 TR 6 <x <12
\ 0 ;x> 12 0 ;x> 12
( 1 x < 2
1li\/:+16x ;2 <x<6
Vaxp(X) = 1 _
SRR 6 <x <12
\ 1 ;x> 12
The following Fig. 12 and Fig. 13 are the graphical representations of the A < B and A X B:
1F L
0.8 0.8
0.6 0.6
0.4 0.4
0.2+ 0.2
o/ 05 S . .
0.4 0.6 0.8 1 1.2 1.4 2 4 6 8 10 12
Fig.12: A+ B Fig.13: AX B

The above two figures imply that, the division and multiplication of two generalized triangular
picture fuzzy numbers are not generalized triangular picture fuzzy numbers.
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5. Conclusions

In our daily life, we are to meet many things where most of them are vague than precise and those
thinks always cannot be described by the concept of the conventional classical set theory. The
concepts of cut sets and picture fuzzy numbers are two important tools for describing fuzziness
and the arithmetic operations. In this article, the scalar multiplication of a generalized trapezoidal
and triangular picture fuzzy number and the division and multiplication of two generalized
trapezoidal and triangular picture fuzzy numbers by (a,y, 8) — cut method are discussed with
numerical examples to illustrate.
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