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ABSTRACT: For two vertices v; and v, of a graph G, the usual distance Dy, is the length of the
shortest path between vertices v; and vy. In this paper, we introduce a new concept named D¢ Distance
energy by considering the degrees of various vertices presented in the path, in addition to the length of

the path for j # k and zero otherwise. Also, we compute the D¢ Distance energy of some standard
graphs.
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1. INTRODUCTION

Throughout the paper, all graphs will be assumed to be simple, connected and finite in order
to simplify the analysis. There has been a lot of discussion about the concept of Energy of
graph since 1978, when lvan Gutman introduced it. A more detailed explanation of the concept
energy can be found in [2,3].

Let G be a simple undirected graph with vertex set V'(G) = {vl, Vg, wur) vq} . The distance
D;, between two vertices v; and vy is defined as the length of the shortest path connecting v;
and vy, ina graph G . The degree of a vertex u in G, denoted by d (u), represents the number
of edges connected to u. Recently, T. Jackuline et al[6] defined the concept D¢ Distance of
graphs. Motivated by this definition, we introduce a new concept called D¢ Distance energy.

We introduce the D® Distance matrix for a graph G, which isan g x g matrix D4(G) =
[M;;.] . The elements of this matrix are defined as follows:

My,

_ {Djk + dg(vj) + dG(vk) + dG(vj)dG(vk)' lf ] * k
J

0, if j=k

The eigenvalues of D4(G) labeled as uq, u,, ..., Iq are said to be D¢ Distance eigenvalues
of G, and the set of these values is known as the D¢ Distance spectrum of G. The sum of the
absolute values of these D? Distance eigen values is termed as D¢ Distance energy of G and is
represented as E 4 (G). Mathematically, this is expressed as:
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q
Fpe(@) = ) Il
i=1

Let I represent the identity matrix. The D¢ Distance polynomial of graph G is
defined as follows: P,a(G,n) = det (nI — D*(G)). Since, the D? Distance matrix D4(G)
be a real symmetric with zero trace, the sum of eigen values y;'s must equal to zero.

2. BASIC CONCEPTS

u

v
Lemma 2.1. [4] If u, v, x and y are all matrices with u non singular, then |x y| =

lully — xu™v|

. u vy,
Lemma 2.2. [4] If u, v, x and y are all matrices. LetR = (x y) if uand x are
commutative matrices, then |R| = |uy — xv|

Lemma 2.3. [5] The adjacency matrix A(K,) of complete graph K, then A%(K,) =
(g —2)A(K,) + (g — DI,

Definition 2.4. [7] Let us take a pair of complete graphs K, with vertices set {p;,i =
1,2,3,..,q}and {r;,j = 1,2,3,...,q} . Construct a graph by joining p; tor; , fori = 1,2,3, ...q
and denote it by](Kj). It has 2q vertices and g2 edges and is g-regular.

3. MAIN RESULTS
D“ Distance Energy of some standard graphs

Definition 3.1. The cocktail party graph CP’,, is the graph consisting of two rows of paired
vertices in which all vertices but the paired ones are connected with a graph edge.

Theorem 3.2. Let CP',, be the cocktail party graph. Then

R R T [ o e e (G |

1 q-1 q
and the D energy of CP';, is, Ea(CP'4) = 2(2q — 1)® + 2 where g > 2

Proof : Let the cocktail party graph be CP’,, then it has 2q vertices, 2q(q — 1) edges and
is(2q — 2) —regular.

Leta = {a;, ay, @ 3, ..., azq } be the eigen values of D¢ matrix of CP',,

Then the D? matrix of CP’,, has the form D¢(CP’,,) =
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l (2q — 1)2A(Ky) (2q — D2?A(K,) + [(2q — 1)* + 1]1ql
(2q — D2A(K,) + [(2q — 1)* + 1]1, (2q — 1)?A(K,)

The corresponding characteristic polynomial |a12q - Dd(CP’zq)| is

_ | al, — (2q — 1)?A(K,) — (29 - 1D?A(K,) + [(2qg — D? + 1]1,)
— ((2q - 1?A(K,) + [(2q — D2 + 1]1,) al, — (2q — 1)?A(K,)

= |(atg = @q-1)24Kp)" - (2q - D2A(K,) + [(2q — 1)? + 1]1,)" | by lemma (2.2)

=|(a? - [(2q — D2 + 1)), — 2(2q — D?(a + (2q — 1)* + DA(K,)|

2_ _1\2 2
= (2(2q — D*(a + (2q — 1)? + 1)7 | —ETDE ) — 4(K,)|

2(2q-1)2(a+(2q-1)2+1) 4

a—(2q-1)%-1 -1

_ a-(2q-1)2-1 q
=(2@2q-D*a+ 2q-D*+ 1)1 (W —(q - 1)) (W + 1)
=(a+2q-1D*+1D%(a+2q—1D*-1D"(a—(2q-1)3*-1)

Hence, the D¢ spectrum of CP'yq s

$,04(cP = [T DT+ 1-Ca oDt —[2g- Dt

1 q-1 q
and the D® energy of CP', is, Epa(CP'34) = 2(2q — 1) + 2 where g > 2

Definition 3.3. The crown graph H', , is the graph generated from complete bipartite graph
by removing perfect matching.

Theorem 3.4. LetH',, be the crown graph. Then, spectrum  S,D*(H',,) is

2¢3—q¢*+q+1 —q*+q-3 —(@*+1)x2
1 1 each (q — 1)times

and the D® energy is, Epa(H'q) = 4q° — 2 + 2q + 2 where g > 3

Proof: Let H', , be the crown graph then it has 2q vertices, g(q — 1) edges and is (q — 1)
- regular.

Letn = {n1,12,M3, ..., 124} be the eigen value. Then the D? matrix of H',; is

DA(H', ) = (g% + DA(K,) (@ + 21, + PAKY)
97| (g% + 2)1; + q*A(Ky) (@ + DAK,)

By lemma (2.3), we get the characteristic polynomial is

M- -2 +q+ D)0 - (> +q-3)Nn - (—(@+D+2)""

VOLUME 8 ISSUE 10 2024 PAGE NO: 242



JOURNAL OF DYNAMICS AND CONTROL ISSN: 1672-6553

Hence, the D¢ spectrum ~ S,D4(H' ) =

2¢3—q¢*+q+1 —q*+q-3 —(@*+1)x2
1 1 each (q — 1)times

and the D4 energy is, Ea(H'y,) = 49° — 2q® + 2q + 2 where ¢ > 3
Theorem 3.5. The complete bipartite graph K, , has the spectrum

_ [+ 1D?+1] @-DI@+D*+1]+(q+1?q
SpD*(Kqq) = [ 2(g—1) each 1 time

and the D energy of K, , is, Epa(K,q) = 4q(q + 1) — 2q*> — 2q — 4 where q > 2
Proof : Let the complete bipartite graph be K, , and the eigen value of D¢
matrix are y = {y1,¥2,¥3, -, Y24} respectively. Then the D¢ matrix of K, , is

Dd(K ) _ [(q + 1)2 + 1]A(Kq) (q + 1)2[Iq +A(Kq)]
T+ D+ AK)] (@ + D + 1]AK)

By lemma (2.3), we get
[yl.q = DKy = 0 + [(q + D? + 1D*@D(y — (g — D[(g + D* + 1] + (g + 1)?q)
Therefore,

_ [Fl@+D*+1] (@-Dl(q+D*+1]+(q+1)%q
SpD%(Kq) = [ 2(g—1) each 1 time

and Epa(Kyq) = 4q(q +1)? —2q> — 2q — 4 where g > 2

Theorem 3.6. Let the complete graph be K. Then

2 2
d _ [—a q(q—l)]
S,D4(K,) = i1 1

and the D¢ energy of K,, is, Ea(K,) = 2q*(q — 1) where g > 2

Proof : Let the eigen value of complete graph K, be g’ = {ﬁ’l,/j’z,ﬁ’y v, B } Then it has

!
q
q(q-1)
2

q vertices, edgesandis (q — 1) - regular.

Then the D matrix of K, has the form

D% (Kq) = |9A(Kq)]

By lemma (2.3), we get
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B +qHT (B —q*(q — 1))

Hence,

2 2
d _ -9 «q°(a— 1)]
S,D4(K,) = i—1 1

and the D energy of K,, is, Eja(K,) = 2q*(q — 1) where g > 2

Theorem 3.7. Forany q = 1, the star graph K; , has the spectrum

: 5(q — 1) £/16q3 + 57q% — 34q + 25
SyDA(Ky1q) = | ~ 2
q-—1 each 1 time

and the D energy of K , is, Epa(Ky ) = 5(q — 1) + /1643 + 57q% — 34q + 25

Proof : Let us take a star graph K, , with vertex set V' (K, ) = {v'o, V', V'3, ..., 4} where
the vertex v§ has degree g and the eigen values of D% matrix are u = {uo, py, ..., g}
respectively.

For this graph, the D¢ matrix is

0 2(q+1) 2(q+1) 2(q+1) - - 2(q+1) 2(q+ 1)
2(g+1) 0 5 5 5 5
2(g+1) 5 0 5 5 5
2(g+1 5 5 0 5 5
Dd(Kl,q) = (q; ) : : : : :
2(g+1) 5 5 5 0 5
[2(q + 1) 5 5 5 5 0

On simplification, we get the characteristic polynomial

(u+5)77 (u? — 5u(q — 1) —4q(q + 1)?)

and the spectrum would be

. 5(q — 1) +/16¢3 + 57q% — 34q + 25|
SyD(K1q) = | ~ 2
q—1 each 1 time

Therefore, Ea(Ky4) = 5(q — 1) +/16¢3 + 57q2 — 34q + 25

Definition 3.8. The friendship graph, denoted by F?, is defined as the graph obtained by
taking q copies of the cycle graph C; with a vertex in common.

Itis clear that |V(F?)| = 2q + 1 and |E(F?)| = 3¢
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Theorem 3.9. The spectrum and energy of the friendship graph F;? is

s 11 -9 20q — 11 + /28843 + 688q2 — 368q + 121
SpD (Fq) = 2
q—1 gq each 1 time

and Epa(F?) =20q — 11 + /28843 + 688q% — 368q + 121

Proof: Consider the friendship graph F? with vertices set V'(F?) = {v/o, 'y, V', .., V24 }
where deg(v'y) = 2q and the eigen values of D¢ matrix are " = {19, 71, .-, 24}
respectively.

Then the D¢ matrix of F7 is

0 32q+1) 3(2q+1) - -+ -+ 3(2q+1) 3(2q+ 1)
3(2g+1) 0 9 10 10
32g+1) 9 0 10 10
Dd(Fq3) _ 3(2q:+ 1) 1:0 1:0 1:0 1:0
32g+1) 10 10 0 9
13(2q +1) 10 10 9 0

The characteristic polynomial becomes

(n+ 1D (n +9)(n* — (20g — 11)n — 18q(2q + 1)?)

20g — 11 +/288¢q3 + 688qg2 — 368q + 121
(n+11)77(n +9) n—( . /2854 A )

Hence, the spectrum

o 11 -9 20q — 11 + /28843 + 688q2 — 368q + 121
SpD(F) = 2
q—1 q each 1 time

and E,a(F}) =20q — 11 +/288¢3 + 6882 — 368q + 121

Theorem 3.10. Let ](Kj) be the join of complete graph. Then the D¢ Distance spectrum
S,DEJ(K)) is

(@+1D*(q-D+tVqs+4¢° +8q* +6q> —4qg+1  —(q+1D?£1
each 1 time each (q — 1) times

and E a(J(KD) =2(q+ 1)*(q — 1) +2/q° + 4¢° + 8q% + 6q° —4q + 1;q > 2
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Proof: Let ](Kg) be the join of complete graph of order 2q, q = 2,3,4, ..., n and g? edges.
Let the eigen value of D? Distance matrix be = {/11,/12,/1 3 ...,Azq} . Then the D¢ Distance
matrix of J(K,') has the form

T g+ 1%+ [(g + D+ 1]A(K) (q+ D2AK,)

By lemma (2.3), we get the characteristic polynomial |/112q — D¢ (](Kj))| is

AL, — (g + 1)?A(K,) —((q+ 1?1y + [(q + D? + 1]A(K,))

—((q+ 1?1y + [(q + D? + 1]A(K,)) ALy — (q + 1)?A(K,)
= |, — (@ + 1D?A(K,))? = ((q + D2, + [(q + 1) + 1]A(K,))?| by lemma (2.2)

Simplifying, we get

(- @+ D*(q- D) £/EF+ 45 +8¢" + 647 —4q + 1)) (A + (g + 1)* -
DA+ (g + D>+ 1)1

Hence, the D Distance spectrum of J(KJ) is

l(q+1)2(q—1)ix/q6+4q5+8q4+6q3—4q+1 —(@+1)?*1 l
each 1 time each (q — 1) times

and E,a(J(KJ)) =2(q+1)%(q—1) +2/q° +4q5+8q* +6¢° —4q +1;q = 2
4. CONCLUSION

Throughout the various fields of chemistry, biology and computer science, there are numerous
applications of D? Distance energy of a graph. Thus, the study of D¢ Distance energy remains
an active and productive area of research, with implications that go far beyond the domain of
graph theory in terms of its applications. In future, we extend this D¢ Distance energy to many
graph operations, Corona product and Cartesian product of graphs.

5. ACKNOWLEDGEMENT

The author (V. Vinisha, Registration No: 23111172092002, Research Scholar) would like to
give the warmest thanks to the research supervisor Dr. M. Deva Saroja for her guidance and
support.  She is working as a Assistant Professor, PG and Research Department of
Mathematics, Rani Anna Government college for Women, Tirunelveli — 627008 (Affiliated to
Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli — 627012, India).

VOLUME 8 ISSUE 10 2024 PAGE NO: 246



JOURNAL OF DYNAMICS AND CONTROL ISSN: 1672-6553

References
[1]J.A. Bondy and U.S.R. Murty, “Graph theory with applications”, Elsevier Science, 1976.

[2] I. Gutman, “The energy of a graph ”, Ber. Math. Stat. Sekt. Forschungsz. Graz, 103
(1978),1 - 22.

[3] I. Gutman, “The energy of a graph: old and new results”, Combinatorics and applications,
A. Betten, A. Khoner, R. Laue and A. Wassermann, (Eds.), Springer, Berlin, (2001), 196-
211.

[4] Cvetkovic D.M, Doob M, Sachs H, “Spectra of graphs”, Academic press, New York,
1980.

[5] H.B.Walikar and S.R. Jog, “Spectra and energy of graphs obtained from complete graph”,
Graph theory and its applications Editors, R. Balakrishnan et al Narosa Publishing House,
New Delhi, India (2004).

[6] T. Jackuline, J. Golden Ebenezer Jebamani and D. Premalatha, “d-Distance in Graphs”,
Journal of Xi’an Shiyou University, Natural Science Edition, Vol. 18, Issue 8 (2022).

[7] M. Devasaroja, M.S. Paulraj, “Equienergetic regular graphs”, Int. Joul. Of Algori. Compu.
and Math. Vol 3 No 3 (2010) 21-25.

[8] H.S. Ramane and S.S.Shinde, “Degree exponent polynomial of graphs obtained by some
graph operations”, Electron. Notes. Discrete Math. 63 (2017), 161-168.

[9] W. David Lewis, ”Matrix Theory”, Allied Publishers Ltd. 1995.

[10] R. Balakrishnan, “The Energy of a graph”, Linear algebra and its applications 384
(2004) 287-295.

[11] O. Ivanciuc, T. Ivnciuc and A.T. Balaban, “Quantative Structure- Property Relationship
Evaluation of structural descriptors Derived from the distance and Reverse Wiener Matrices”,
Internet Electron. J. Mol. Des. 1 (2002), 467-487.

VOLUME 8 ISSUE 10 2024 PAGE NO: 247



